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The behavior of photons in the presence of Lorentz and CPT violation is studied. Allowing for
operators of arbitrary mass dimension, we classify all gauge-invariant Lorentz- and CPT-violating terms
in the quadratic Lagrange density associated with the effective photon propagator. The covariant
dispersion relation is obtained, and conditions for birefringence are discussed. We provide a complete
characterization of the coefficients for Lorentz violation for all mass dimensions via a decomposition
using spin-weighted spherical harmonics. The resulting nine independent sets of spherical coefficients
control birefringence, dispersion, and anisotropy in the photon propagator. We discuss the restriction of
the general theory to various special models, including among others the minimal standard-model
extension, the isotropic limit, the case of vacuum propagation, the nonbirefringent limit, and the
vacuum-orthogonal model. The transformation of the spherical coefficients for Lorentz violation between
the laboratory frame and the standard Sun-centered frame is provided. We apply the results to various
astrophysical observations and laboratory experiments. Astrophysical searches of relevance include
studies of birefringence and of dispersion. We use polarimetric and dispersive data from gamma-ray
bursts to set constraints on coefficients for Lorentz violation involving operators of dimensions four
through nine, and we describe the mixing of polarizations induced by Lorentz and CPT violation in the
cosmic-microwave background. Laboratory searches of interest include cavity experiments. We present
the general theory for searches with cavities, derive the experiment-dependent factors for coefficients in
the vacuum-orthogonal model, and predict the corresponding frequency shift for a circular-cylindrical
cavity.
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I. INTRODUCTION
The properties of electromagnetic radiation have proved
a fertile testing ground for relativity since its inception over
a century ago. Tests such as the classic Michelson-Morley,
Kennedy-Thorndike, and Ives-Stilwell experiments [1–4]
were key in establishing Lorentz invariance, the founda-
tional symmetry of relativity. The proposal that minuscule
deviations from Lorentz symmetry could emerge from an
underlying unified theory [5] has rekindled interest in
sensitive relativity tests, and the past decade has seen a
broad variety of searches for Lorentz violation at impres-
sive sensitivities [6].
Violations of Lorentz symmetry at attainable energies
are described by the standard-model extension (SME)
[7,8]. The SME is a comprehensive effective field theory
that characterizes general Lorentz and CPT violations. It
contains both general relativity and the standard model,
and so it is a realistic theory that can be applied to analyze
observational and experimental data. A Lorentz-violating
term in the Lagrange density of the SME is an observer
scalar density formed by contracting a Lorentz-violating
operator with a coefficient that acts to govern the term. The
operator can be characterized in part by its mass dimension
d, which determines the dimensionality of the coefficient
and can be used as a naive guide to the size of the asso-
ciated effects [9].
The focus of the present work is Lorentz and CPT
violation involving photons. Numerous searches for
Lorentz violation in electrodynamics have been performed,
yielding some of the best existing constraints on SME
coefficients. One major class of tests consists of laboratory
searches involving electromagnetic resonators or interfer-
ometers [10–18], which can be viewed as contemporary
versions of the classic tests of relativity. Another major
class of tests consists of astrophysical observations search-
ing for tiny defects in the propagation of light that has
traveled over cosmological distances [7,11,19–23]. A vari-
ety of other analyses involving photons lead to constraints
on SME coefficients [24]. There is also substantial litera-
ture on various topics in the photon sector of the SME,
including renormalization [25], photon interactions [26],
vacuum Cˇerenkov radiation [27], the Chern-Simons term
[28], electromagnetostatics [29], and related phenomena
involving photons in other contexts [30]. Outside the pho-
ton sector, the SME serves as the theoretical underpinning
for studies of Lorentz symmetry involving electrons
[31,32], protons and neutrons [33–35], mesons [36], muons
[37], neutrinos [38], the Higgs boson [39], and gravity
[8,40].
In this paper, we extend the existing treatment of
Lorentz violation in electrodynamics to include operators
of arbitrary mass dimension d. This further develops and
consolidates previous systematic studies for operators of
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renormalizable dimension [7,11], and it incorporates many
phenomenological models for Lorentz violation. For defi-
niteness, we focus on an action having the usual U(1)
gauge symmetry and invariance under spacetime transla-
tions, so that charge, energy, and momentum are con-
served. If the Lorentz violation is spontaneous, then the
SME coefficients originate as expectation values of opera-
tors in an underlying theory, and the requirement of invari-
ance under spacetime translations corresponds to disre-
garding soliton solutions and any massive or Nambu-
Goldstone (NG) modes [41]. In a more complete treatment
including gravity, the NG modes may play the role of the
graviton [42]. Alternatively, the NG modes may be inter-
preted as the photon for Einstein-Maxwell theory em-
bedded in a Lorentz-violating vector model called
bumblebee electrodynamics [8,43]. The approach dis-
cussed here can readily be adapted to these and other
scenarios, including applications to the photon sector of
the SME in the context of the various topics mentioned
above. Our methods are also relevant for other sectors of
the SME [44].
The motivation for this work comes in part from current
doctrine, which regards the combination of general rela-
tivity and the standard model as the low-energy limit of a
unified quantum gravity theory that holds sway at the
Planck scale, MPlanck  1019 GeV. Experience teaches us
to expect a smooth transition from the known low-energy
physics to the underlying theory, so it is plausible to
interpret the low-energy action as the zeroth-order term
in a series approximating the underlying theory.
Dimensional analysis suggests that operators with larger
d correspond to higher-order corrections. For physics in-
volving violations of Lorentz and CPT symmetry, the
complete series is given by the SME action, while the
leading corrections form the action of the minimal SME.
Lorentz-violating operators of larger d are therefore likely
to be especially relevant in searches involving very high
energies and in theoretical studies of foundational proper-
ties such as causality and stability [45]. Under suitable
circumstances, nonrenormalizable operators may even
dominate the physics. For example, the action of noncom-
mutative quantum electrodynamics [46] incorporates
Lorentz-violating effects associated with a nontrivial com-
mutator for the spacetime coordinates. When the action is
expressed in terms of conventional photon fields, a subset
of the SME emerges in which the lowest-order Lorentz-
violating operators have mass dimension six [47].
Similarly, operators of larger d dominate in Lorentz-
violating theories with supersymmetry [48].
A comprehensive investigation of all Lorentz-violating
operators with arbitrary mass dimensions is a challenging
task. Here, we concentrate on terms in the action that are
quadratic in the photon field A and therefore contribute to
the propagator, which in practice is the quantity of imme-
diate interest in many searches for Lorentz violation. Our
basic approach consists of constructing the quadratic ac-
tion and developing a scheme to classify the operators.
Rotations are a prominent subgroup of the Lorentz group,
and a spherical decomposition can be performed on any
Lorentz-violating operator. We use this fact to classify all
Lorentz-violating terms in the action using nine sets of
coefficients for Lorentz violation. The classification
scheme is well matched to the description of physical
Lorentz-violating effects in the photon propagator, includ-
ing birefringence, dispersion, and anisotropy.
With this classification scheme taming the infinite num-
ber of operators, specific analyses of observational and
experimental data become feasible. We study a variety of
methods for seeking Lorentz violation using predictions
from the quadratic action. The sharpest tests involve as-
trophysical birefringence, which involves propagation in
the vacuum. Some Lorentz-violating operators produce no
vacuum birefringence at leading order but nonetheless
cause dispersion in the vacuum, and these can also be
studied using astrophysical observations. In addition, there
are many other Lorentz-violating operators that are unde-
tectable at leading order via astrophysical observations and
hence are best sought instead in laboratory experiments.
The analyses in this work yield several first measurements
of coefficients for Lorentz violation, and numerous inter-
esting arenas emerge for future exploration.
The structure of this paper is as follows. The basic
theory is discussed in Sec. II, which contains five subsec-
tions. The construction and counting of Lorentz-violating
operators of all mass dimensions is presented in Sec. II A,
while the Lagrange density and constitutive relations are
obtained in Sec. II B. We derive the covariant dispersion
relation in Sec. II C, discuss the physics of birefringence in
Sec. II D, and offer general comments on Lorentz-violating
effects in Sec. II E.
The spherical decomposition of the coefficients for
Lorentz violation in terms of spin-weighted spherical har-
monics is performed in Sec. III. We consider various
special limits in Sec. IV, including the minimal SME,
isotropic models, the vacuum limit, nondispersive nonbir-
efringent ‘‘camouflage’’ models, the vacuum-orthogonal
case, and some limits providing connections to other for-
malisms. The rotation properties of the spherical coeffi-
cients for Lorentz violation are discussed in Sec. V. Other
key properties of the spin-weighted spherical harmonics
are summarized in the Appendix.
The remainder of the paper applies the results to obser-
vations and experiments. Astrophysical observations are
studied in Sec. VI. Vacuum-dispersive effects are discussed
in Sec. VIA, where new measurements and a summary of
existing constraints are obtained. Vacuum birefringence is
considered in Sec. VIB, which contains three subsections.
Some basic theory for vacuum birefringence is presented in
Sec. VI B 1. We apply it to point sources in Sec. VI B 2,
using polarimetry from gamma-ray bursts to obtain new
measurements, and also to the cosmic microwave back-
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ground (CMB) in Sec. VI B 3. In both cases, we tabulate
some existing sensitivities.
Laboratory experiments are discussed in Sec. VII. We
construct a general theory for resonant-cavity tests in
Sec. VII A and apply it in Sec. VII B to derive cavity
factors for nonbirefringent operators and the form of the
fractional frequency shift predicted by Lorentz violation.
Explicit values of some cavity factors for a circular-
cylindrical cavity are calculated in Sec. VII C.
Section VIII provides a summary and discussion of the
results in the paper, including tables compiling essential
properties of the spherical coefficients and various limiting
cases. Unless otherwise stated, this paper follows the no-
tation and conventions of Ref. [11].
II. BASIC THEORY
This section discusses the theory and basic features of
the quadratic action for electrodynamics allowing for ar-
bitrary Lorentz and CPT violation. We begin with a dis-
cussion of the SME procedure for constructing the
Lagrange density associated with the effective photon
propagator. Attention is focused primarily on the case
with conventional U(1) gauge invariance and translational
invariance. The resulting effective field theory conserves
charge, energy, and momentum. It represents an explicit
presentation of all Lorentz-violating operators for photon
propagation that are consistent with observer covariance.
Following the construction of the theory, we extract a
complete set of coefficients for Lorentz and CPT violation
and discuss some of their basic properties. A technique for
deriving covariant dispersion relations is presented and
used to obtain a general covariant dispersion relation for
the photon in the presence of arbitrary Lorentz and CPT
violation. The issue of conditions for birefringence is
considered, and we offer some remarks about the connec-
tions between birefringence, metricity, and electromag-
netic duality.
A. Construction
A low-energy Lorentz-violating theory that is both co-
ordinate independent and consistent with current observa-
tional data can be written as a Lagrange density containing
sums of standard polynomial tensor operators contracted
with coefficients for Lorentz violation [7]. The coefficients
may be viewed as background fields inducing Lorentz
violation, and they can correspond to vacuum expectation
values of fundamental tensor fields. Applying this general
idea to source-free linear electrodynamics, we arrive at an
action S that is a quadratic functional of the photon field A
and its derivatives. The action S can then be expanded in a
sum of terms SðdÞ of the form
SðdÞ ¼
Z
d4xK123...dðdÞ A1@3 . . . @dA2 ; (1)
where d is the dimension of the tensor operator. Each term
SðdÞ violates CPT if d is odd or preserves CPT if d is even.
The coefficientsK123...dðdÞ have mass dimension 4 d.
In general, they can be dynamical and can depend on
spacetime position. We can ensure invariance of S under
spacetime translations, and hence obtain the usual conser-
vation of energy and momentum, by restricting attention to
the case of constant coefficients. Constant coefficients may
arise naturally, but they may also represent the dominant
components of dynamical background fields or an aver-
aged effect.
Size estimates for the coefficients for Lorentz violation
depend on the details of their origins. Since the effects are
expected to be small, it is natural to suppose the Lorentz-
violating operators are suppressed by some large mass. The
intimate connection between Lorentz symmetry and grav-
ity suggests the relevant scale is set by Planck-scale phys-
ics and therefore by the Planck mass MPlanck. Various
scenarios can be imagined, although the absence of a
satisfactory underlying theory combining gravity and
quantum physics, and hence the lack of specifics concern-
ing possible Lorentz violations, makes such scenarios a
matter of surmise and likely naive. For example, one
simple estimate has coefficients varying as KðdÞ 
M4dPlanck, where  is of order 1. This means operators of
renormalizable dimension d  4 are unsuppressed relative
to conventional physics. Observations then imply only the
operators d  5 are experimentally viable, so the dominant
new physics is controlled by nonrenormalizable terms.
Another class of scenarios has Lorentz-violating effects
suppressed by a factor involving some power of the ratio
m=MPlanck, where m is an appropriate low-energy scale. In
these cases, the Lorentz violation may be related to one or
more of the known hierarchies in nature [9]. For example,
taking m 102 GeV as the electroweak scale gives a
dimensionless suppression factor of some power of
1017 for Lorentz-violating physics compared to con-
ventional effects.
While a general study of all possible operators of the
form (1) would be of interest, it would be rather cumber-
some and introduce various features in addition to Lorentz
violations, thereby complicating both theoretical and ex-
perimental considerations. The possibilities are simplified
somewhat by restricting attention to operators that main-
tain the conservation of energy, momentum, and electric
charge. This implies focusing on the case of constant
coefficients and requiring U(1) gauge invariance. The latter
imposes certain symmetries on the Lorentz-violating op-
erators, thereby reducing the total number of independent
coefficients.
The first step in imposing these symmetries is to identify
properties of the coefficientsK123...dðdÞ that follow from
the intrinsic structure of S. One property of the coefficients
is total symmetry in the d 2 indices f3 . . .dg. Another
can be displayed by integrating Eq. (1) by parts d 2
times. This reveals that the only coefficients contributing
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to CPT-odd terms are antisymmetric in the first two in-
dices of K123...dðdÞ , while the only ones contributing to
CPT-even terms are symmetric. The same conclusion
follows by considering the contributions to the variation
of the action:
SðdÞ ¼
Z
d4xK123...dðdÞ ð@3 . . .@dA½2ÞA1
þ surface terms; (2)
where the minus and plus signs apply for CPT-odd and
CPT-even terms, respectively, and where the brackets ½ 
indicate symmetrization and antisymmetrization.
With these intrinsic symmetries understood, term-by-
term gauge invariance can be imposed and the resulting
additional symmetries of SðdÞ identified. The usual U(1)
gauge invariance, representing symmetry of the action
under the variations gA ¼ @, is achieved by requiring
that the variation
gSðdÞ ¼ 
Z
d4xK123...dðdÞ @3 . . .
 @d

@½1A2 þ
1
2
@½1@2

(3)
vanish for an arbitrary scalar function . Direct investiga-
tion of this equation is possible but awkward. To identify
the additional symmetries and hence the coefficients of
interest, it is more practical first to perform representation
decompositions of the associated Lorentz-violating opera-
tors. The intrinsic symmetries drastically limit the number
of representations that can appear. The total symmetry in
the last d 2 indices ofK123...dðdÞ implies that all rep-
resentations that are antisymmetric in any pair of these
indices are absent. We can therefore construct the relevant
irreducible tensors from a product of symmetric represen-
tations. It turns out that this limits the possibilities to only
five representations. In terms of Young tableaux, these five
representations are displayed in Fig. 1.
For CPT-odd coefficients, the antisymmetry condition
on the first two indices and the gauge variation (3) imply
that tableau (a) is irrelevant, since it is symmetric in the
indices f12g. Also, representation (d) is symmetric
under the simultaneous permutation of 1$ 2 and 3$ 4
and so fails to contribute. The antisymmetry in {1, 2, 3} of
representation (e) directly implies gauge invariance, so it
satisfies our restrictions. The remaining two representa-
tions (b) and (c) lead to nonvanishing gSðdÞ and are
therefore gauge violating. We conclude that all gauge-
invariant CPT-odd operators are associated with coeffi-
cients K123...dðdÞ belonging to representation (e). These
are antisymmetric in the first three indices and symmetric
in the last d 3. Since dimension d  1 operators are
absent in a linear theory, we take d  3 for CPT-odd
operators in what follows.
For CPT-even coefficients, the antisymmetry of tableau
(e) in {1, 2} implies it cannot contribute to Eq. (2) and
therefore is absent in the theory. The antisymmetry of
tableau (d) in {1, 3} and {2, 4} leads to gSðdÞ ¼ 0, so
this representation is gauge invariant and satisfies our
restrictions. The tableau (a) is totally symmetric and leads
to gSðdÞ  0, implying gauge violation. Similarly, tab-
leaux (b) and (c) are also gauge violating. We thus find that
all gauge-invariant CPT-even operators have coefficients
K123...dðdÞ belonging to representation (d). Note that
operators with d ¼ 2 are gauge violating, so in what fol-
lows we take d  4 for the CPT-even sector.
To simplify handling and to provide a convenient match
to the usual coefficients for Lorentz violation in the mini-
mal SME, it is convenient to introduce further definitions.
For the CPT-odd case, the dual coefficients
ðkðdÞAFÞ1...ðd3Þ 
1
3!
K
12...d3
ðdÞ (4)
provide a generalization of the usual coefficients ðkAFÞ in
the minimal SME. The symmetries of tableau (e) translate
into total symmetry of the coefficients ðkðdÞAFÞ1...ðd3Þ in the
last d 3 indices, along with the trace condition
ðkðdÞAFÞ11...ðd3Þ ¼ 0. Counting the number of independent
components in representation (e) using standard group-
theory techniques [49] yields for dimension d the result
NðdÞAF ¼ 12ðdþ 1Þðd 1Þðd 2Þ: (5)
This number can also be obtained by noting that symmetry
in the last d 3 indices yields 4ðd 2Þðd 1Þd=3! com-
ponents while the trace condition given above provides
ðd 3Þðd 2Þðd 1Þ=3! constraints, and taking the dif-
ference yields NðdÞAF. Note that the number of these coeffi-
cients for CPT-odd Lorentz violation grows rapidly as the
cube of d: the usual 4 for d ¼ 3, then 36 coefficients for
d ¼ 5, 120 for d ¼ 7, etc.
FIG. 1. Representation decomposition for the term SðdÞ using
Young tableaux.
V. ALAN KOSTELECKY´ AND MATTHEW MEWES PHYSICAL REVIEW D 80, 015020 (2009)
015020-4
For the CPT-even case, it suffices to define
ðkðdÞF Þ	1...ðd4Þ K	12...d4ðdÞ (6)
to obtain coefficients that mimic the definition of ðkFÞ	
in the minimal SME. The first four indices of
ðkðdÞF Þ	1...ðd4Þ have the symmetries of the Riemann
tensor, and there is total symmetry in the remaining d
4 indices. Also, one can show that antisymmetrization of
ðkðdÞF Þ	1...ðd4Þ on any three indices produces zero. In
this case, counting the number of independent components
for dimension d gives
NðdÞF ¼ ðdþ 1Þdðd 3Þ: (7)
This counting includes the total trace term, which is
Lorentz invariant and represents a scaling factor. Again,
note that the number of these coefficients for CPT-even
Lorentz violation grows as the cube of d: the usual 20 (19
plus a Lorentz-invariant trace) for d ¼ 4, then 126 coef-
ficients for d ¼ 6, 360 for d ¼ 8, etc.
B. Lagrange density and constitutive relations
The construction outlined in the previous subsection
leads to a general gauge-invariant Lagrange density that
can be written in a form similar to the photon sector of the
minimal SME:
L ¼ 14FF þ 12	A	ðk^AFÞF
 14F	ðk^FÞ	F; (8)
where the differential operators k^AF and k^F involve
CPT-odd and CPT-even violations, respectively. These
operators are given by the expansions
ðk^AFÞ ¼
X
d¼odd
ðkðdÞAFÞ1...ðd3Þ@1 . . . @ðd3Þ ; (9)
ðk^FÞ	 ¼
X
d¼even
ðkðdÞF Þ	1...ðd4Þ@1 . . .@ðd4Þ ; (10)
where the sums range over values d  3. The coefficients
ðkðdÞAFÞ1...ðd3Þ are defined in Eq. (4), and they have sym-
metry properties yielding NðdÞAF independent components as
given in Eq. (5). The coefficients ðkðdÞF Þ	1...ðd4Þ are
defined in Eq. (6) and have NðdÞF independent components
according to Eq. (7). The usual minimal SME terms are
kAF  kð3ÞAF and kF  kð4ÞF , where in the latter the overall
trace is removed to leave 19 independent coefficients.
In principle, obtaining and interpreting equations of
motion for a Lagrange density of the form (8) is problem-
atic due to the infinite sum, whose action cannot be varied
in the usual way, and also due to Ostrogradski instabilities
[50]. However, these issues can be circumvented by noting
that Eq. (8) represents the low-energy limit of a more
fundamental theory, with each successive term represent-
ing a perturbation on preceding terms. Truncating the sums
at any definite value of d and restricting attention to
perturbative effects therefore can be expected to provide
a good approximation to the low-energy behavior. Only at
extreme energies can qualitatively new effects and late
terms in the sum play an important role. At these energies,
the theory must converge to the underlying fundamental
physics, which presumably is free of these issues.
Adopting this truncation, we obtain equations of motion
given by
ð

@ þ ðk^AFÞ þ ðk^FÞ@ÞF ¼ 0:
(11)
Note the explicit gauge invariance of these equations.
In the minimal SME, the coefficients kð3ÞAF and k
ð4Þ
F are
known to produce photon behavior analogous to that of
conventional electrodynamics in anisotropic and gyro-
tropic materials [7,11]. This analogy can be extended to
the present situation involving Lorentz-violating operators
of arbitrary dimension. The first step is to define a field
tensor
G ¼ F  2ðk^AFÞA þ ðk^FÞF; (12)
in terms of which the equations of motion become
@G
 ¼ 0: (13)
Note that the latter equation is gauge invariant, even
though the definition of G depends on the choice of
gauge and is unique only up to a term of the form
ðk^AFÞ@ for an arbitrary scalar function .
For conventional electrodynamics in macroscopic me-
dia, a constitutive four-tensor  is typically introduced that
maps the two-form field strength F to the macroscopic
two-tensor field strength G, via G ¼ F. In the
present context, we can reformulate the situation in terms
of a set of unconventional constitutive relations, which
may explicitly depend on the choice of gauge. However,
we must generalize the usual notion of a constitutive four-
tensor to encompass more general operator constitutive
tensors. We now require an operator four-tensor ^
and an operator three-tensor X^, defined by
^  ¼ 12ð

  

Þ þ ðk^FÞ;
X^ ¼ ðk^AFÞ:
(14)
Note that the three-tensor controls CPT violation. The
effective macroscopic field strength G defined in Eq. (12)
is then given by
G ¼ ^F þ 2X^A: (15)
As in conventional electrodynamics, the new constitutive
relations remain linear. However, unlike electrodynamics
in linear media, the relations (15) inherit a nonlocal aspect
due to their differential nature.
ELECTRODYNAMICS WITH LORENTZ-VIOLATING . . . PHYSICAL REVIEW D 80, 015020 (2009)
015020-5
Decomposing G into an effective vector displacement
field D and an effective pseudovector magnetic field H in
the usual way, the equations of motion (13) take the same
form as the familiar source-free inhomogeneous Maxwell
equations,
r 	D ¼ 0; rH @0D ¼ 0; (16)
where
D ¼ Eþ 2k^AF Aþ ^DE 	Eþ ^DB 	B;
H ¼ B 2ðk^AFÞ0Aþ 2k^AFA0 þ ^HB 	Bþ ^HE 	E
(17)
with
ð^DEÞjk ¼ 2ðk^FÞ0j0k; ð^HBÞjk ¼ 12ðk^FÞlmrsjlmkrs;
ð^DBÞjk ¼ ð^HEÞkj ¼ ðk^FÞ0jlmklm: (18)
The latter equations are operator generalizations of the
SO(3) decomposition of the coefficients kð4ÞF into 3 3
matrices introduced in Ref. [11].
Using the fields D andH, the Lagrange density may be
written as
L ¼ 14FG ¼ 12ðE 	DB 	HÞ; (19)
which also parallels conventional electrodynamics in mac-
roscopic media. We remark that the analogy with electro-
dynamics breaks down when attempting to construct a
conserved energy-momentum tensor. Standard techniques
can be used to build a conserved tensor that reduces to the
conventional symmetrized energy-momentum tensor in the
limit of vanishing Lorentz violations. However, the result-
ing tensor takes an unconventional form in terms of F
and G. One possibility is the tensor
T ¼ GF  Lþ 12ð@A  A@ÞG: (20)
The first two terms parallel those in conventional electro-
dynamics, but the addition of the last term is necessary for
energy-momentum conservation to hold. This last term is
separately conserved in conventional electrodynamics and
so can be removed there, but a term of this type must be
present for T to be conserved in the presence of general
Lorentz violation.
C. Covariant dispersion relation
Much of the propagation behavior of the photon is
encoded in its dispersion relation, which provides spectral
information for the modes. While standard methods can be
used to find the dispersion relation from the equations of
motion, at least at leading order in the coefficients for
Lorentz violation, handling the gauge freedom typically
entails the loss of observer Lorentz invariance. In this
subsection, we present a technique for deriving the exact
covariant dispersion relation, based on the rank-nullity
properties of the equations of motion. As a concomitant,
the technique provides some insight into the nature of
birefringence, which arises whenever the dispersion rela-
tion has nondegenerate physical solutions.
We begin by adopting the ansatz
AðxÞ ¼ AðpÞeix	p: (21)
This implies the equations of motion (11) can be expressed
in the matrix form
MA ¼ 0 (22)
with
M ¼ ð

  

 þ 2ðk^FÞÞpp
 2iðk^AFÞp
¼ 2^pp þ 2iX^p; (23)
where it is understood that each occurrence of @ in the
operators k^AF and k^F is replaced with ip. The matrix
M is Hermitian, M ¼ ðMÞ
. It satisfies the condi-
tions for charge conservation, Mp ¼ 0, and gauge
symmetry, Mp ¼ 0, which imply that the determinant
of M vanishes identically.
The standard method to handle the gauge freedom and
the vanishing determinant involves making a definite gauge
choice, thereby reducing the four-dimensional problem to
a three-dimensional one. The determinant of the reduced
linear equation yields the dispersion relation. Within the
particular gauge choice and for a given solution to the
dispersion relation, one can then solve for the polarization
mode A of the photon. The general solution for this mode
is the sum of this solution and an arbitrary pure-gauge term
/ p. Typically, the gauge fixing explicitly breaks ob-
server Lorentz invariance. The alternative method pre-
sented below focuses on the rank-nullity of the linear
equation (22), which allows us to preserve Lorentz covari-
ance throughout the calculation. We take advantage of the
exterior product and its ability to determine linear inde-
pendence of a set of vectors. The reader is reminded that a
set of vectors fAag, a ¼ 1; 2; . . . is linearly independent if
and only if their exterior product is nonzero [51].
Starting with a set of arbitrary basis vectors
fA1; A2; A3; A4g with A1 ^ A2 ^ A3 ^ A4  0, the image
space of M is spanned by the vectors Ba ¼ MAa. The
dimensionality of this space is equal to the rank of M,
and it determines the dimension of the solution space of
Eq. (22). In particular, gauge freedom ensures that M is
rank three or lower. This implies B1 ^ B2 ^ B3 ^ B4 ¼ 0,
which is equivalent to the condition detM ¼ 0. So to
find nontrivial solutions, we must impose rank two or less,
which implies Ba ^ Bb ^ Bc ¼ 0 for any a, b, c ¼ 1, 2, 3,
4. This is the minimum requirement, and it leads to the
covariant dispersion relation.
We can translate the above discussion into conditions on
M by noting that M generates for each n a linear trans-
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formation between n-vectors in its domain and image
spaces. The transformation for a given n is denoted ^nM
and is specified by
Ba1 ^ 	 	 	 ^ Ban ¼ ðMAa1Þ ^ 	 	 	 ^ ðMAanÞ
 ð^nMÞðAa1 ^ 	 	 	 ^ AanÞ: (24)
For each n, the linear ^nM transformation takes an arbi-
trary n-vector ! of the domain space into an n-vector
ð^nMÞð!Þ of the image space. In a coordinate basis, we
get an explicit expression for the cofactor tensors
ð^nMÞ12...n12...n controlling the transformation ^nM:
ð^nMÞ12...n12...n ¼
1
n!
M½1
1M2
2 	 	 	Mnn :
(25)
The key point for our purposes is that the rank of M is
completely determined by the set of ^nM transformations.
For any given n, the matrix M is rank n if and only if
^nM  0 and ^nþ1M ¼ 0. Note that ^nM ¼ 0 implies
^nþ1M ¼ 0.
We can now determine the size of the null space of M
and hence the nature of the solution space for the equations
of motion by using the rank-nullity relation. Since M is a
4 4 matrix, the rank can in principle range from four
down to zero. The five possibilities can be summarized as
follows. The case of rank four has ^4M  0 and is ex-
cluded by gauge invariance, so no solutions exist. For rank
three, which has ^4M ¼ 0 and ^3M  0, the nullity is one
and hence there is a one-dimensional solution space. In the
present context, it corresponds to pure-gauge solutions. For
rank two we have ^3M ¼ 0 and ^2M  0 with a two-
dimensional null space. This case yields a one-dimensional
non-gauge solution space. For rank one ^2M ¼ 0, ^1M 
0, and the nullity is three, so there is a two-dimensional
non-gauge solution space. Finally, for the case of rank 0 we
have ^1M ¼ M ¼ 0, which is trivial.
The above discussion reveals that the covariant disper-
sion relation ensuring at least one physical solution is
^3 M ¼ 0; (26)
in which caseM is rank 2 or less. In a coordinate basis, this
dispersion relation takes the tensor form
1
3!
M½1
1M2
2M3
3 ¼ 0: (27)
Also, if it so happens that requiring ^3M ¼ 0 also leads to
^2M ¼ 0, then a two-dimensional physical solution space
exists. We interpret this situation as follows. Suppose we
fix the three-momenta pj, and find a frequency p0 that
solves the dispersion relation (26). If at this frequency
^2M  0 and hence M has rank two, then there is exactly
one non-gauge polarization mode A associated with this
solution. Other frequencies p0 that solve the dispersion
relation (26) lead to different polarizations and different
phase velocities. The solution A is therefore birefringent.
However, if for a given frequency solution we find ^2M ¼
0 and henceM of rank one, then there are two independent
polarizations that propagate with the same phase velocity.
This situation represents nonbirefringence. We therefore
obtain the correspondence
^2 M ¼ 0$ no birefringence; (28)
which provides the explicit condition for the existence of
nonbirefringent modes. The next subsection explores the
issue of birefringence in more detail.
The covariant tensor dispersion relation (26) can be
rewritten as a covariant scalar dispersion relation by the
judicious use of gauge symmetry. To see this, adopt the
special domain basis fA1; A2; A3; pg. Since gauge invari-
ance implies Mp ¼ 0, the only three-vectors ! that yield
nonzero values of ð^3MÞð!Þ must be proportional to A1 ^
A2 ^ A3. Consequently, the transformation ð^3MÞð!Þ is
one dimensional, and therefore its dual g^3M must also
be one dimensional. The Hermiticity of M implies that
there is a vector V in terms of which the dual trans-
formation g^3M is determined as ð g^3MÞ ¼ V
V.
Direct calculation with this result shows that
ð g^3MÞp ¼ ð g^3MÞp, and from these relations we
find ppð g^3MÞ ¼ ð g^3MÞpp. Finally, this expres-
sion implies that the tensor dispersion relation (26) is
satisfied for any nonzero p if and only if the trace of its
dual vanishes. So we arrive at the covariant dispersion
relation
ð g^3MÞ ¼ 0; (29)
which is a scalar density.
In terms of the constitutive tensors (14), the covariant
scalar dispersion relation (29) can be written as
0 ¼ 13^ðð g^2MeÞ  3ð g^2MoÞÞ
¼ 1312341234p1p2p3p4^1211^2233
 ^4434 þ 8ppðk^AFÞðk^AFÞ^: (30)
In this expression, the dual of ^2M is defined by
ð g^2MÞ  14MM; (31)
while Me and Mo are, respectively, the CPT-even and
CPT-odd parts of M.
The covariant scalar dispersion relation (30) is a neces-
sary condition for the existence of nontrivial plane-wave
solutions. The first term on the right-hand side of Eq. (30)
is CPT even and matches the result found in Ref. [52] in
the appropriate limit. The last term contains all
CPT-violating contributions. Note that this covariant sca-
lar dispersion relation is independent of the spacetime
metric 
. Note also that the momentum dependence of
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the constitutive tensor ^ and of ðk^AFÞ implies that the
dispersion relation (30) is typically a polynomial of degree
greater than four in the frequency p0. As a result, more
eigenfrequencies typically exist in the presence of Lorentz
violation than for the corresponding situation in conven-
tional electrodynamics, and so more modes can propagate.
However, following a reasoning similar to that leading to
the equations of motion (11), we expect the solutions of
interest to be small perturbations of the limiting physical
solutions in conventional electrodynamics. It follows that
only the corresponding subset of the solutions to the dis-
persion relation (30) are relevant to low-energy physics,
while the others represent high-frequency modes that may
play a role as Planck-scale energies are approached.
D. Birefringence
Astrophysical searches for vacuum birefringence in pho-
ton propagation provide sensitivities to Lorentz violation
that are many orders of magnitude beyond those attainable
via other techniques. It is therefore valuable to classify
coefficients for Lorentz violation according to their bire-
fringence effects. The analysis in the previous subsection
has already provided some insight via the condition (28)
for the absence of birefringence. In this subsection, we
provide a decomposition of coefficients for Lorentz viola-
tion that distinguishes birefringent and nonbirefringent
cases. We also offer some remarks about generic condi-
tions for birefringence and their connection to the metric
and to electromagnetic duality.
1. Coefficients for birefringence
In the minimal SME, leading-order birefringence is
known to be controlled by the d ¼ 3 coefficients ðkAFÞ
and by a subset of the d ¼ 4 coefficients ðkFÞ	 [7,11].
In the present context with Lorentz-violating operators of
any dimension, a similar pattern holds: leading-order bire-
fringence is associated with all the odd-d coefficients k^AF
and with some combinations of the even-d coefficients k^F.
One way to verify this is via the covariant scalar dispersion
relation (30).
To identify the relevant even-d coefficients, it is useful
to introduce the definitions
^ eþ ¼ 12ð^DE þ ^HBÞ  16 Trð^DE þ ^HBÞ;
^e ¼ 12ð^DE  ^HBÞ  16 Trð^DE  ^HBÞ;
^oþ ¼ 12ð^DB þ ^HEÞ; ^o ¼ 12ð^DB  ^HEÞ;
^trþ ¼ 16 Trð^DE þ ^HBÞ; ^tr ¼ 16 Trð^DE  ^HBÞ;
(32)
which give an experimentally judicious decomposition of
the coefficients for Lorentz violation appearing in Eq. (18).
The first four of these are traceless 3 3 matrices, with
^eþ, ^e, ^o symmetric and ^oþ antisymmetric. The last
two are SO(3) rotation scalar combinations. Note that ^trþ
can be disregarded in the minimal SME because it repre-
sents a simple Lorentz-invariant scaling factor in that con-
text, but nonrenormalizable terms of this type can violate
Lorentz symmetry and so must be included in the present
context.
Among the combinations (32), only the matrices ^eþ
and ^o cause vacuum birefringence at leading order. This
result can be understood in terms of a Weyl decomposition
of the constitutive tensor ^ analogous to the Weyl
decomposition of the Riemann tensor,
^ ¼ 12ð

  

Þ þ 12ð
ðc^FÞ
 
ðc^FÞ þ 
ðc^FÞ
 
ðc^FÞÞ þ C^: (33)
In this equation, the tensor C^ corresponds to the Weyl
component and is traceless, C^
 ¼ 0. The term
corresponding to the Ricci component involves ðc^FÞ,
which is defined as the symmetric combination
ðc^FÞ  ðk^FÞ  16ðk^FÞ
: (34)
The relations between ðc^FÞ, C^ and the ^ matrices
are
ðc^FÞ00 ¼ 12ð3^tr þ ^trþÞ;
ðc^FÞjk ¼ ð^eÞjk þ 12ðð^trÞ  ð^trþÞÞjk;
ðc^FÞ0j ¼ 12ð^oþÞkljkl; C^0j0k ¼ 12ð^eþÞjk;
C^jklm ¼ 12ð^eþÞnpjknlmp; C^0jkl ¼ 12ð^oÞjmklm:
(35)
We see that the ten independent components of c^F are
equivalent to the ten independent components of ^e,
^oþ, ^trþ, and ^tr, while the ten independent components
of C^ match those of ^eþ and ^o.
The decomposition (33) reveals that the coefficients c^F
play the role of a small distortion of the spacetime metric at
leading order. In this respect, they are analogous to the c
coefficients in the matter sector of the SME, which moti-
vates the notation. As further discussed below, a small
metric distortion leaves unaffected the usual degeneracy
between polarizations and so cannot cause birefringence at
leading order. In contrast, the nonmetric Weyl piece of
Eq. (33) breaks the degeneracy and causes birefringence.
Note that the effects of c-type coefficients in the minimal
SME are unobservable in experiments involving only one
sector, since they can be removed by a judicious coordinate
choice. However, in the present context where c^F depends
on energy and momentum, dispersion effects may arise
that are observable.
The above decomposition and results hold for the vac-
uum, where the Weyl decomposition is performed using
the Minkowski metric. However, the effective metric g
for electrodynamics in a macroscopic medium M is no
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longer Minkowski, so the above decomposition must be
modified. TheWeyl part C^M is required to be traceless with
respect to g instead, so the assignment of ^ matrices to
C^M and c^MF differs. The attribution of birefringence effects
to a coefficient can therefore be medium dependent. It also
follows that an experiment in a suitable medium can
achieve sensitivities to different coefficients compared to
the same experiment performed in vacuo.
As an example, consider a uniform isotropic mediumM
with refractive index n and permeability . Performing a
decomposition of the constitutive tensor reveals that the
relations between C^M, c^MF , and the ^ matrices become
ðc^MF Þ00 ¼
1
2
ﬃﬃﬃﬃ

p ð2 n2Þ^trþ þ 12
ﬃﬃﬃﬃ

p ð2þ n2Þ^tr;
ðc^MF Þjk ¼ 
ﬃﬃﬃﬃ

p ðn2 þ 1Þ
2n2
ð^eÞjk þ
ﬃﬃﬃﬃ

p ðn2  1Þ
2n2
ð^eþÞjk þ 12
ﬃﬃﬃﬃ

p ðð^trÞ  ð^trþÞÞjk;
ðc^MF Þ0j ¼ 
1
2
ﬃﬃﬃﬃ

p ð^oþÞkljkl; ðC^MÞ0j0k ¼  14 ðn
2 þ 1Þð^eþÞjk þ 14 ðn
2  1Þð^eÞjk;
ðC^MÞjklm ¼ ðn
2 þ 1Þ
4n2
ð^eþÞnpjknlmp  ðn
2  1Þ
4n2
ð^eÞnpjknlmp; ðC^MÞ0jkl ¼ 12 ð^oÞ
jmklm:
(36)
For this type of medium, we see that birefringence is
associated with the matrix ^e as well as the matrices
^eþ and ^o. Moreover, the matrix ^eþ can now affect
nonbirefringent phenomena at leading order, unlike the
vacuum case. Additional coefficient mixings can be ex-
pected in anisotropic and gyroscopic media.
2. Birefringence, metric, and duality
An interesting challenge is the identification of the
minimal set of requirements leading to birefringence. For
simple local constitutive relations, nonbirefringence is
known to be associated with a pure-metric constitutive
tensor [53,54], while electromagnetic duality plays a role
[55]. The idea that the essential properties of electrody-
namics rely on constitutive relations rather than the under-
lying metric structure of the spacetime is a key aspect of
the premetric approach to electrodynamics [52,56]. In this
subsection, we offer some remarks on the role of the metric
and of electromagnetic duality in determining birefrin-
gence conditions within the context of the general constit-
utive relations (14).
Our primary conjecture is that the only nonbirefringent
terms arise from the non-Weyl component of ^. We
therefore seek a procedure for extracting this component.
The structure of the Weyl decomposition (33) suggests the
possibility of introducing an effective metric g^ in terms
of which the Ricci component vanishes. This would imply
a natural decomposition of ^ into metric and non-
metric components or, equivalently, into nonbirefringent
and birefringent components.
We therefore postulate the existence of an effective
metric g^ satisfying the eigenproblem
2
3 ^
g^ ¼ ðg^1Þ; (37)
where the scale factor for g^ is chosen so that the pro-
portionality constant in this equation matches the value for
standard electrodynamics. Note that in the present context
the effective metric g^ typically depends on the four-
momentum and therefore cannot be interpreted as a con-
ventional spacetime metric. The existence and uniqueness
of solutions to Eq. (37) is an interesting open issue, but
here we suppose all physically reasonable constitutive
operators ^ lead to a solution that is unique up to a
sign. For practical purposes, this issue is moot because it
suffices to use Eqs. (14) and (37) to find a perturbative
expansion for g^.
The effective metric g^ provides a uniqueWeyl decom-
position of the constitutive tensor ^, given by
^ ¼ ^2g^1 þ ^w; (38)
where ^w is the trace-free Weyl component,
ð^wÞg^ ¼ 0. Our conjecture now identifies ^w as
the birefringent component. We can verify this in special
limits. For vanishing ^w and no CPT violation, the disper-
sion relation (30) reduces to
 ððg^1ÞppÞ2= detg^ ¼ 0; (39)
as expected. Also, for this case we find that the cofactor
tensor ^2M is proportional to ðg^1Þpp, which dem-
onstrates the absence of birefringence. Another limit of
interest involves small Lorentz violation. Solving at lead-
ing order in k^F, we find
g^  ’ 
  ðc^FÞ; ð^wÞ ’ C^: (40)
This is also consistent, since it demonstrates that C^ corre-
sponds to the leading-order birefringent component and c^F
to the nonbirefringent part.
In conventional electrodynamics, electromagnetic dual-
ity ensures no birefringence occurs in the vacuum. Given
the two-form field strength F and the dual two-form H ¼

F, the Maxwell equations in vacuo take the compact form
dH ¼ 0, dF ¼ 0. Here the 
 operator is defined as

 ¼ 12  and obeys 

 ¼ I. In this language,
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electromagnetic duality can be understood as the statement
that if F is a solution then so is F0 ¼ expð
ÞF ¼
F cosþH sin. This can be viewed as a rotation be-
tween F and H. The chiral components F ¼ 12 ð1 i
ÞF
of the field strength are irreducible representations of these
duality rotations and also of the Lorentz group. The rele-
vance to our discussion is that duality symmetry excludes
birefringence because it implies the space of plane-wave
solutions is two dimensional. There are two independent
polarizations that mix under duality transformations, and
the duality symmetry ensures that both polarizations
propagate with the same phase velocity, so no evolution
of polarization can occur.
This conventional duality can be generalized to the
effective metric g^ relevant in our context. For an arbi-
trary effective metric, we define

^ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ detg^p 
 ð^2g^1Þ; (41)
which is normalized to satisfy 
^ 
^ ¼ I as usual. This
operator induces a chiral structure with respect to g^.
The projections of the field strength F onto the chiral
subspaces are now
F ¼ 12ð1 i
^ÞF: (42)
Neglecting CPT-odd terms, the dual field strength
H  
G ¼ 
^F (43)
can also be decomposed into chiral components,
H ¼ 
^F ¼ 12ð1 i
^ÞH: (44)
According to our primary conjecture, the constitutive
tensor  provides a natural decomposition of the solution
space. It is therefore plausible that the absence of birefrin-
gence is associated with a duality symmetry generated by

^, with any nonzero Weyl piece ^w or nonzero CPT
violation breaking this symmetry and so causing birefrin-
gence. We can explore this idea for the case of constitutive
relations of the metric type, ^ ¼ ^2g^1. This form of the
constitutive tensor yields the closure relation 
^ 
 ^ ¼
1= detg^. Under these circumstances, if F represents a so-
lution to the Maxwell equations dF ¼ dH ¼ 0, then it can
be shown that F ! 
^F is also a solution. This generalizes
the result for conventional duality rotations to the 
^-chiral
subspaces. It follows that every polarization is associated
with a second polarization that is also a solution and hence
that birefringence is absent, as expected.
A rigorous derivation of the above results is an open
problem of definite interest, although it lies beyond our
present scope. Note that our arguments hold inside any
simply connected source-free region. We anticipate that
they can also be applied to more general scenarios with
inhomogeneous constituent tensors and curved spacetimes,
in which duality would be defined locally. It is also plau-
sible that duality breaking could arise via boundary con-
ditions. This could lead, for example, to a foundational
understanding of degeneracy splitting in resonant cavities.
Generalizations of the framework may also merit inves-
tigation. For instance, more complicated closure relations
of the form 
^ 
 ^ ¼ aþ b 
 ^ for scalar a and b also
result in duality symmetries, and they may be related to
improved decompositions of the constitutive relations. One
could also consider a duality at the potential level, involv-
ing mixing of two one-forms A and B obeying F ¼ dA and
H ¼ dB, which can be found for any vacuum solution.
Such approaches may make it possible to incorporate
CPT-violating effects in this picture.
E. Effects of Lorentz violation
It is of interest to categorize the types of effects pro-
duced by Lorentz violation in various physical situations.
A number of schemes are possible. In this subsection, we
offer some remarks about the categorization used in later
sections, which is based on identifying Lorentz-violating
effects in terms of birefringence, dispersion, and
anisotropy.
In the previous subsections, we have defined birefrin-
gence as the existence of only one low-energy eigenmode
for a particular solution to the covariant dispersion relation
(30), and we have conjectured its connection to a break-
down of duality. This definition contains more than the
notion of rotation of the polarization of light in the vacuum.
The breaking of eigenmode degeneracy can cause effects
in circumstances other than vacuum propagation, such as
the splitting of resonant frequencies in cavities. In the
remainder of this work, the term birefringence is used in
the sense of eigenmode nondegeneracy. In vacuum propa-
gation, this reduces to the usual notion of rotation of
polarization and can be termed vacuum birefringence.
A similar dichotomy appears in the definition of disper-
sion. In what follows, we adopt the term dispersive to refer
to Lorentz-violating operators in the Lagrange density that
appear with other than two derivatives. Only operators with
mass dimension d ¼ 4 are nondispersive in this sense. In
the momentum-space covariant dispersion relation, these
operators contribute terms that are nonquadratic in the
momentum. However, this definition implies more than
merely a nonlinear relationship between the frequency p0
and the momentum p for vacuum propagation. As shown
explicitly in Sec. IVE, some operators involving nonqua-
dratic derivative terms and hence labeled as dispersive
according to our usage in fact produce no leading-order
dispersion in vacuum propagation, although they can pro-
duce analogous effects in other situations such as cavity
resonators. Throughout this work, we use the term disper-
sive to mean d  4, and we reserve the term vacuum
dispersion for modifications to the usual relation p0 ¼
jpj for vacuum propagation.
In any physical situation, the properties of electromag-
netic waves are determined by the coefficients for Lorentz
violation, the medium, and the boundary conditions. Some
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useful intuition can be gained by considering the interplay
between these and the resulting birefringent, dispersive,
and anisotropic effects.
Consider first the presence of a macroscopic medium.
We have seen in the previous subsection that a coefficient
controls birefringence if it is associated withCPT violation
or if it contributes to the Weyl piece of the constitutive
tensor ^. The presence of a medium can affect the
Weyl decomposition, as shown in Eq. (36), so the mani-
festation of Lorentz-violating birefringence depends on the
medium. In contrast, a coefficient controls Lorentz-
violating dispersion according to the derivative structure
of the corresponding operator in the Lagrange density,
which is unaffected by the medium. Similarly, Lorentz-
violating anisotropic effects are determined by the rotation
properties of the relevant operators, and so they too are
independent of the medium.
The role of the boundary conditions is different. A given
choice of boundary conditions determines which coeffi-
cients for Lorentz violation are measurable. This feature is
similar to a property of conventional electrodynamics. A
given solution, such as a vacuum plane wave or a cavity
eigenmode, is determined by both the Maxwell equations
and by the boundary conditions. Changing the boundary
conditions reveals distinct sets of eigensolutions with dif-
ferent physical properties. One cannot, for instance, ex-
pand vacuum plane waves in terms of cavity eigenmodes.
Similarly, in the presence of Lorentz violation, a specific
choice of boundary conditions fixes certain eigenmodes as
solutions. However, only a suitable subset of the coeffi-
cients for Lorentz violation affects a given set of eigen-
modes. For example, far-field boundary conditions suitable
for vacuum radiation yield solutions that depend on a much
reduced subset of coefficients, as is explicitly identified in
Sec. IVC.
Despite their role in determining the observability of
coefficients for Lorentz violation, the boundary conditions
have no impact on the associated physical effects. For
example, the birefringence properties of a given operator
are unaffected, essentially because the duality symmetry is
a local property and therefore is independent of the bound-
ary conditions. Dispersive properties are also unaffected
because they are associated with position-space derivatives
on the Lorentz-violating operators and therefore are basi-
cally a local feature in position space. The associated
modification of the momentum-space relation between
p0 and p reflects an impact on the eigensolution space as
described above, rather than a change in the underlying
dispersive properties of the operators. Similarly, the an-
isotropy properties of Lorentz-violating operators are fixed
by the Lagrange density and are independent of the bound-
ary conditions.
This feature of the boundary conditions has the interest-
ing implication that a comprehensive search for Lorentz
violation requires multiple observational and experimental
methods, since any one method typically applies one type
of boundary condition and so cannot be expected to access
the whole coefficient space. It also means there are mul-
tiple approaches for categorizing the coefficients. For ex-
ample, one can split the coefficient space into a subset
selected by boundary conditions appropriate for vacuum
propagation and its complement. This turns out to be an
apposite splitting for several reasons, and we develop it in
some detail beginning in Sec. IV. However, one could in
principle consider alternative splittings of the coefficient
space using other boundary conditions, such as ones for
resonant cavities.
III. SPHERICAL DECOMPOSITION
In the previous section, we have demonstrated that the
effects on photon propagation of Lorentz-violating opera-
tors of arbitrary dimension are specified by the Lagrange
density (8) and are determined by the coefficients for
Lorentz violation ðkðdÞAFÞ1...ðd3Þ and ðkðdÞF Þ	1...ðd4Þ . A
classification of these coefficients that characterizes the
key effects of the corresponding Lorentz-violating opera-
tors is both useful and convenient for more detailed inves-
tigations. The ideal scenario is to establish a minimal
collection of independent coefficients associated with op-
erators having physical properties of direct relevance to
observation and experiment.
One natural classification scheme takes advantage of the
role of spatial rotations to perform an SO(3) decomposition
of the coefficients for Lorentz violation. This technique has
been applied to obtain first measurements of certain coef-
ficients relevant to vacuum photon propagation from as-
trophysical observations of active galaxies, gamma-ray
bursts, and the cosmic microwave background [22,23].
The SO(3) decomposition uses spin-weighted spherical
harmonics [57,58], which are angular-momentum eigen-
states and so obey relatively simple transformation rules
under rotations. The method has the advantage that spin-
weighted spherical harmonics are commonly used in some
areas of astrophysics [59] and are well understood. A
summary of some properties of spin-weighted spherical
harmonics is provided in the appendix, which also derives
several mathematical relations used in what follows.
In this section, we discuss the decomposition of the
coefficients k^AF and k^F into spin-weighted components.
For the analysis, the coefficient k^AF is separated into the
pseudoscalar ðk^AFÞ0 and the pseudovector k^AF, while k^F is
separated into the tensors ^DE and ^HB and the pseudo-
tensor ^DB defined in Eq. (18). Each of these five compo-
nents is expanded in a helicity basis and decomposed into
spin-weighted spherical harmonics. The symmetries of k^AF
and k^F then permit extraction of a minimal collection of
spherical coefficients for Lorentz violation.
The results in this section demonstrate that the minimal
collection of spherical coefficients includes nine sets of
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coefficients. For convenience, we summarize the notation
here. Three sets are extracted from k^AF and are denoted
ðkðdÞAFÞð0BÞnjm , ðkðdÞAFÞð1BÞnjm , and ðk
:ðdÞ
AFÞð1EÞnjm . Six sets emerge from k^F,
denoted ðcðdÞF Þð0EÞnjm , ðkðdÞF Þð0EÞnjm , ðk
:ðdÞ
F Þð1EÞnjm , ðk
:ðdÞ
F Þð2EÞnjm , ðkðdÞF Þð1BÞnjm ,
and ðk:ðdÞF Þð2BÞnjm . The symbol c specifies coefficients associ-
ated with nonbirefringent operators, while k specifies bi-
refringent ones. A negation diacritic : denotes coefficients
that have no leading-order effects on the vacuum propaga-
tion of light, a property derived in Sec. IVE. The subscripts
n, j, and m determine the frequency or wavelength depen-
dence, the total angular momentum, and the z-component
of the angular momentum, respectively. The allowed
ranges of these three indices and the counting of the
coefficients are given in Tables I, III, IV, and V. The label
d gives the mass dimension of the corresponding operator
for Lorentz violation, while the numerals 0,1, or 2 preced-
ing either E or B refer to the spin weight of the operator.
The superscripts E and B refer to the parity of the operator,
with parity ð1Þj labeled as E and parity ð1Þjþ1 as B. The
phases are chosen so that each spherical coefficient Kjm
for Lorentz violation obeys the complex-conjugation rela-
tion
ðKjmÞ
 ¼ ð1ÞmKjðmÞ: (45)
Note that this implies that the pair of complex coefficients
Kjm and KjðmÞ are codependent but represent two real
degrees of freedom.
A. General CPT-odd coefficients
We begin the decomposition of ðk^AFÞ by performing an
expansion of the pseudoscalar component ðk^AFÞ0 in spheri-
cal harmonics. The first step is to separate ðk^AFÞ0 into
pieces with definite frequency and three-momentum de-
pendence. Denoting the frequency by ! ¼ p0 and the
components of the three-momentum p by pk, we obtain
the expression
ðk^AFÞ0 ¼
X
d
Xd3
n¼0
ð1Þnþðdþ1Þ=2ðd 3
n
Þ
 ðkðdÞAFÞ00...0k1...kn!d3npk1 . . .pkn: (46)
Writing the magnitude of the three-momentum as p ¼ jpj,
we see that each term in the sum involves a factor of
!d3npn. The frequency and wavelength dependence of
each term is therefore controlled by the new index n. The
direction dependence introduced by the components of p is
characterized through the expansion in spherical harmon-
ics below.
To determine the relevant angular-momentum eigenval-
ues j for the spherical-harmonic expansion, we can break
the coefficients for each n into a series of three-
dimensional traceless symmetric tensors of rank n;n2;
n4; . . . . This implies the range of eigenvalues l¼n;
n2;n4; . . . for the orbital angular momentum. Since
the spin of ðk^AFÞ0 is zero, the eigenvalue j must also span
this range. An alternative and more elegant approach
makes use of parity. For a given n, the orbital angular
momentum is limited by n. Since the spin is zero, we
must have j  n. Given that ðk^AFÞ0 is a pseudoscalar and
p is a vector, each term in the expansion must have parity
ð1Þnþ1 with only B-type parity occurring. This imposes
the relation ð1Þnþ1 ¼ ð1Þjþ1, which implies that j n
is even. The conclusion is that j ¼ n; n 2; n 4; . . . 
0, as before.
The resulting expansion in spherical harmonics is given
by
ðk^AFÞ0 ¼
X
dnjm
!d3npn0Yjmðp^ÞðkðdÞAFÞð0BÞnjm : (47)
The spherical coefficients for Lorentz violation ðkðdÞAFÞð0BÞnjm
are nonzero for the n and j values listed in Table I. As an
example, consider d ¼ 5. In this case, there are two j ¼ 0
singlets, ðkð5ÞAFÞð0BÞ000 and ðkð5ÞAFÞð0BÞ200 . There is also one j ¼ 1
triplet ðkð5ÞAFÞð0BÞ11m , with m ¼ 1, 0, 1. Finally, there is one
j ¼ 2 quintuplet ðkð5ÞAFÞð0BÞ22m , with m ¼ 2, 1, 0, 1, 2. The
total number of coefficients is 1þ 1þ 3þ 5 ¼ 10.
Next, we perform a spherical-harmonic expansion of the
radial component ðk^AFÞr ¼ p^ 	 k^AF ¼ e^r 	 k^AF. This com-
ponent is also a pseudoscalar, and the decomposition fol-
lows the same basic steps as above. However, the
additional p^ factor implies that the total angular momen-
tum is now limited by j  nþ 1. Also, the parity of each
term is given by ð1Þn ¼ ð1Þjþ1, yielding the range of j
as j ¼ nþ 1; n 1; n 3; . . .  0. We therefore obtain
the expansion
ðk^AFÞr ¼
X
dnjm
!d3npn0Yjmðp^ÞðkðdÞAFÞð0B
0Þ
njm ; (48)
involving another set of spherical coefficients ðkðdÞAFÞð0B
0Þ
njm .
However, it turns out that the symmetries of the tensors
ðkðdÞAFÞ1...ðd3Þ imply that these new coefficients can all be
expressed as combinations of the other spherical coeffi-
cients occurring in the expansion of ðk^AFÞ. Before dem-
onstrating this, we first complete the expansion of k^AF.
The remaining components of k^AF have spin weight1,
ðk^AFÞ¼ e^ 	 k^AF. For these cases, we again find jnþ1,
but now coefficients with both E- and B-type parities
occur. The parity is ð1Þn, which implies j¼nþ1;n1;
...1 for the B-type components and j¼n;n2; . . .1
for the E-type components. Since the spin weight is 1,
the index j for the total angular momentum is limited from
below by 1. The expansions of the components ðk^AFÞ in
terms of spin-weighted spherical harmonics take the forms
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ðk^AFÞ ¼
X
dnjm
!d3npn1Yjmðp^Þ
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jðjþ 1Þp
 ððkðdÞAFÞð1BÞnjm þ iðk
:ðdÞ
AFÞð1EÞnjm Þ; (49)
where we introduce a factor of 1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jðjþ 1Þp for later
convenience. The spherical coefficients for Lorentz viola-
tion ðkðdÞAFÞð1BÞnjm and ðk
:ðdÞ
AFÞð1EÞnjm represent the remaining two
independent sets. Their ranges are summarized in Table I.
The symmetries of ðkðdÞAFÞ1...ðd3Þ described in Sec. II B
imply certain constraints on the four sets of coefficients
ðkðdÞAFÞð0BÞnjm , ðkðdÞAFÞð0B
0Þ
njm , ðkðdÞAFÞð1BÞnjm , and ðk
:ðdÞ
AFÞð1EÞnjm . To determine
these constraints, the symmetries must be formulated in the
momentum-space helicity basis. Recall that the tensors
ðkðdÞAFÞ1...ðd3Þ are totally symmetric in the last d 3 in-
dices and that any trace involving the first index vanishes.
The total-symmetry condition is implicit in the above
spherical-harmonic decompositions, but the trace condi-
tion provides a nontrivial constraint.
In momentum space, the trace condition can be written
as the differential equation
0 ¼ @
@p
ðk^AFÞ ¼ @@! ðk^AFÞ0 þ r 	 k^AF
¼ @
@!
ðk^AFÞ0 þrrðk^AFÞr þrþðk^AFÞ þ rðk^AFÞþ
¼ @
@!
ðk^AFÞ0 þ

@
@p
þ 2
p

ðk^AFÞr
þ 1
p
ðJþðk^AFÞ  Jðk^AFÞþÞ; (50)
where we have used the identities (A37). The combination
Jþðk^AFÞ  Jðk^AFÞþ is a pseudoscalar that is generated
by the B component of k^AF and that contains no E com-
ponent. Consequently, Eq. (50) provides a symmetry con-
straint involving only the B-type coefficients ðkðdÞAFÞð0BÞnjm ,
ðkðdÞAFÞð0B
0Þ
njm , and ðkðdÞAFÞð1BÞnjm . Inserting the spherical-harmonic
expansions into Eq. (50) and making use of the identity
(A35) yields an explicit relation involving these three
coefficient sets. Careful consideration of the index ranges
then reveals that ðkðdÞAFÞð0B
0Þ
njm may be written as
ðkðdÞAFÞð0B
0Þ
njm ¼
1
nþ 2 ððk
ðdÞ
AFÞð1BÞnjm þ ðd 2 nÞðkðdÞAFÞð0BÞðn1ÞjmÞ:
(51)
We conclude that the auxiliary coefficients ðkðdÞAFÞð0B
0Þ
njm are
completely determined as linear combinations of the inde-
pendent coefficients ðkðdÞAFÞð0BÞnjm and ðkðdÞAFÞð1BÞnjm .
The net yield of the helicity decomposition of ðk^AFÞ is
therefore three independent sets of spherical coefficients
for Lorentz violation, which are the B-type coefficients
ðkðdÞAFÞð0BÞnjm and ðkðdÞAFÞð1BÞnjm , and the E-type coefficients
ðk:ðdÞAFÞð1EÞnjm . These coefficients completely characterize the
CPT-odd Lorentz-violating operators of arbitrary mass
dimension associated with the quadratic action for electro-
dynamics. All the operators are birefringent. On each set of
coefficients, the label d specifies the (odd) mass dimension
of the operator. The three indices n, j, andm determine the
frequency or wavelength dependence, the total angular
momentum, and the z-component of the angular momen-
tum, respectively. The allowed ranges of these three in-
dices and the counting of the coefficients are given in
Table I. The superscripts E and B refer to the operator
parity, while the superscript numerals 0 or 1 preceding
either E or B specify the spin weight of the operator. The
total number of coefficients for given odd d is 12 ðdþ 1Þðd 1Þðd 2Þ, matching the group-theoretic result from
Sec. II.
B. General CPT-even coefficients
The spherical decomposition of the CPT-even Lorentz-
violating operators ðk^FÞ	 follows a procedure similar to
TABLE I. Summary of the allowed ranges of indices n and j for the independent spherical coefficients associated with CPT-odd
operators. The dimension d is odd with d  3, while n  d 3. The index m satisfies the usual restrictionsj  m  j, so there are
2jþ 1 coefficients for each j. For a given dimension d, the number of coefficients of each type is given in the last row. Adding these
gives the expected total of 12 ðdþ 1Þðd 1Þðd 2Þ.
ðkðdÞAFÞð0BÞnjm ðkðdÞAFÞð1BÞnjm ðk
:ðdÞ
AFÞð1EÞnjm
n j j j
0 0 1
1 1 2 1
2 0 2 1 3 2
3 1 3 2 4 1 3
4 0 2 4 1 3 5 2 4
..
. ..
. . .
. ..
. . .
. ..
. . .
.
d 3 0 2 	 	 	 d 3 1 3 	 	 	 d 2 2 	 	 	 d 3
total 16dðd 1Þðd 2Þ 16 ðd 1Þðd2 þ d 3Þ 16 ðdþ 1Þðd 1Þðd 3Þ
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that for the CPT-odd case discussed in the previous sub-
section. However, instead of working directly with
ðk^FÞ	, it is more convenient to decompose the three
matrices ^DE, ^HB, and ^DB given in Eq. (18), which have
equivalent content.
We begin by separating the three matrices ^DE, ^HB,
^DB into their SO(3)-irreducible trace, symmetric trace-
less, and antisymmetric parts. These irreducible parts can
be expressed in the helicity basis via ab ¼ e^a 	  	 e^b,
where a, b ¼ þ, r, . Each component can then be
expanded in the appropriate spin-weighted spherical har-
monics, recalling that ^DE, ^HB are tensors while ^DB is a
pseudotensor. At this stage, we find the results can be
expressed as 13 equations involving sums over 12 sets of
E-type and eight sets of B-type coefficients, for a total of
20 sets of codependent coefficients. The challenge is to use
these equations and the symmetries of ðk^FÞ to identify
the independent sets of coefficients among the 20 code-
pendent ones. The 13 equations are given explicitly below.
In them, all sums are restricted to even dimensions d  4.
The maximum range of the indices spans 0  n  d 4
for n and 0  j  nþ 2, j  m  j for the eigenvalue
indices of the angular momentum. Details of the allowed
index ranges for each of the 20 sets of codependent coef-
ficients are given in Table II.
For the matrix ^DE, six sets of coefficients are needed,
and the result is
ð^DEÞrr ¼
X
dnjm
!d4npn0Yjmðp^ÞðððdÞDEÞð0EÞnjm þ ððdÞDEÞð0E
0Þ
njm Þ; (52a)
ð^DEÞþ ¼
X
dnjm
!d4npn0Yjmðp^Þ

 1
2
ððdÞDEÞð0EÞnjm þ ððdÞDEÞð0E
0Þ
njm

; (52b)
ð^DEÞr ¼
X
dnjm
!d4npn1Yjmðp^Þ
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jðjþ 1Þp ðððdÞDEÞð1EÞnjm þ iððdÞDEÞð1BÞnjm Þ; (52c)
ð^DEÞ ¼
X
dnjm
!d4npn2Yjmðp^Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðj 2Þ!
ðjþ 2Þ!
s
ðððdÞDEÞð2EÞnjm  iððdÞDEÞð2BÞnjm Þ; (52d)
In this decomposition, the coefficients ððdÞDEÞð0E
0Þ
njm emerge from the trace component of ^DE.
Another six sets of coefficients are needed for the matrix ^HB. The corresponding equations are
TABLE II. Summary of the allowed ranges of indices n and j for the 20 sets of codependent spherical coefficients associated with
general CPT-even operators. The dimension d is even with d  4, while n  d 4. The index m satisfies the usual restrictions
j  m  j, so there are 2jþ 1 coefficients for each j.
ððdÞDEÞð0EÞnjm ; ððdÞHBÞð0EÞnjm ; ððdÞDBÞð0BÞnjm ððdÞDEÞð1EÞnjm ; ððdÞHBÞð1EÞnjm ; ððdÞDBÞð1BÞnjm ððdÞDEÞð2EÞnjm ; ððdÞHBÞð2EÞnjm ; ððdÞDBÞð2BÞnjm ððdÞDEÞð0E
0Þ
njm ; ððdÞHBÞð0E
0Þ
njm
n j j j j
0 0 2 2 2 0
1 1 3 1 3 3 1
2 0 2 4 2 4 2 4 0 2
3 1 3 5 1 3 5 3 5 1 3
4 0 2 4 6 2 4 6 2 4 6 0 2 4
..
. ..
. . .
. ..
. . .
. ..
. . .
. ..
. . .
.
d 4 0 2 	 	 	 d 2 2 4 	 	 	 d 2 2 4 	 	 	 d 2 0 2 	 	 	 d 4
ððdÞDEÞð1BÞnjm ; ððdÞHBÞð1BÞnjm ; ððdÞDBÞð1EÞnjm ; ððdÞDBÞð1E
0Þ
njm ððdÞDEÞð2BÞnjm ; ððdÞHBÞð2BÞnjm ; ððdÞDBÞð2EÞnjm ððdÞDBÞð0E
0Þ
njm ððdÞDBÞð1B
0Þ
njm
n j j j j
0 1 1
1 2 2 0 2 1
2 1 3 3 1 3 2
3 2 4 2 4 0 2 4 1 3
4 1 3 5 3 5 1 3 5 2 4
..
. ..
. . .
. ..
. . .
. ..
. . .
. ..
. . .
.
d 4 1 3 	 	 	 d 3 3 	 	 	 d 3 1 3 	 	 	 d 3 2 	 	 	 d 4
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ð^HBÞrr ¼
X
dnjm
!d4npn0Yjmðp^ÞðððdÞHBÞð0EÞnjm þ ððdÞHBÞð0E
0Þ
njm Þ; (53a)
ð^HBÞþ ¼
X
dnjm
!d4npn0Yjmðp^Þ

 1
2
ððdÞHBÞð0EÞnjm þ ððdÞHBÞð0E
0Þ
njm

; (53b)
ð^HBÞr ¼
X
dnjm
!d4npn1Yjmðp^Þ
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jðjþ 1Þp ðððdÞHBÞð1EÞnjm þ iððdÞHBÞð1BÞnjm Þ; (53c)
ð^HBÞ ¼
X
dnjm
!d4npn2Yjmðp^Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðj 2Þ!
ðjþ 2Þ!
s
ðððdÞHBÞð2EÞnjm  iððdÞHBÞð2BÞnjm Þ: (53d)
The coefficients ððdÞHBÞð0E
0Þ
njm correspond to the trace component of ^HB.
Finally, eight sets of coefficients are required in the expansion of ^DB. The results are
ð^DBÞrr ¼
X
dnjm
!d4npn0Yjmðp^ÞððdÞDBÞð0BÞnjm ; (54a)
ð^DBÞ ¼
X
dnjm
!d4npn0Yjmðp^Þ

 1
2
ððdÞDBÞð0BÞnjm  iððdÞDBÞð0E
0Þ
njm

; (54b)
ð^DBÞr ¼
X
dnjm
!d4npn1Yjmðp^Þ
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jðjþ 1Þp ðððdÞDBÞð1BÞnjm þ iððdÞDBÞð1EÞnjm  ððdÞDBÞð1B0Þnjm  iððdÞDBÞð1E0Þnjm Þ; (54c)
ð^DBÞr ¼
X
dnjm
!d4npn1Yjmðp^Þ
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jðjþ 1Þp ðððdÞDBÞð1BÞnjm þ iððdÞDBÞð1EÞnjm  ððdÞDBÞð1B0Þnjm þ iððdÞDBÞð1E0Þnjm Þ; (54d)
ð^DBÞ ¼
X
dnjm
!d4npn2Yjmðp^Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðj 2Þ!
ðjþ 2Þ!
s
ðððdÞDBÞð2BÞnjm  iððdÞDBÞð2EÞnjm Þ; (54e)
The sets of coefficients ððdÞDBÞð1B
0Þ
njm , ððdÞDBÞð1E
0Þ
njm , and ððdÞDBÞð0E
0Þ
njm
are associated with the antisymmetric part of ^DE, which
corresponds to ^oþ in Eq. (32).
The next step is to use the symmetries of the tensors
ðkðdÞF Þ	1...ðd4Þ to determine the independent sets of
coefficients. These symmetries are described in Sec. II,
following Eq. (6). As in the CPT-odd case, the indepen-
dent coefficients can be identified by expressing the sym-
metries as differential equations in momentum space. It
turns out that all the symmetries of kðdÞF are implicit in the
above 13 equations, except for the condition of vanishing
antisymmetrization on any three indices of
ðkðdÞF Þ	1...ðd4Þ . In momentum space, this symmetry
can be imposed by requiring
0 ¼ @½ðk^FÞ	; (55)
where @ ¼ @=@p. In terms of ^ matrices, this require-
ment becomes the four conditions
rbð^HBÞab ¼ 0; rbð^DBÞab ¼ 0;
@
@!
ð^DBÞab ¼ "bcdrcð^DEÞda;
@
@!
ð^HBÞab ¼ "bcdrcð^DBÞda
(56)
in the notation of the appendix. Note the similarity to the
Maxwell equations.
The symmetry constraints (56) lead to relations among
the 20 codependent coefficients in the expansions (52)–
(54). The procedure for determining these relations in-
volves expressing the differential equations (56) in terms
of the operators @=@!, @=@p, and J, and then inserting
the expansions. Following this procedure, we find that
Eq. (56) provides nine constraints on the eight B-type
coefficients and 11 constraints on the 12 E-type coeffi-
cients. However, these constraints are not all independent.
TABLE III. Summary of the allowed ranges of indices n and j
for the independent B-type spherical coefficients associated with
CPT-even birefringent operators. The dimension d is even with
d  4, while n  d 4. The index m satisfies the usual restric-
tions j  m  j, so there are 2jþ 1 coefficients for each j.
For a given dimension d, the number of coefficients of each type
is given in the last row.
ðkðdÞF Þð1BÞnjm ðk:ðdÞF Þð2BÞnjm
n j j
0 2
1 1 3 2
2 2 4 3
3 1 3 5 2 4
4 2 4 6 3 5
..
. ..
. . .
. ..
. . .
.
d 4 2 4 	 	 	 d 2 3 	 	 	 d 3
total 16 ðd3  4d 18Þ 16 ðdþ 3Þðd 2Þðd 4Þ
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Some calculation with the nine constraints on the B-type
coefficients shows that there exist only two linearly inde-
pendent sets of B-type coefficients for Lorentz violation,
which we denote by ðkðdÞF Þð1BÞnjm and ðk
:ðdÞ
F Þð2BÞnjm . The index
ranges for these two sets are summarized in Table III. All
the corresponding Lorentz-violating operators produce bi-
refringent effects. In terms of these two sets, the eight
codependent B-type coefficients appearing in the expan-
sions (52)–(54) are given by
ððdÞDEÞð1BÞnjm ¼ ðd 3 nÞnðkðdÞF Þð1BÞðn1Þjm; (57a)
ððdÞDEÞð2BÞnjm ¼ ðd 3 nÞðjþ 2Þðj 1ÞðkðdÞF Þð1BÞðn1Þjm  ðd 3 nÞðd 2 nÞðk
:ðdÞ
F Þð2BÞðn2Þjm; (57b)
ððdÞHBÞð1BÞnjm ¼ ðnþ 2Þðk
:ðdÞ
F Þð2BÞnjm ; (57c)
ððdÞHBÞð2BÞnjm ¼ ðnþ 2Þðnþ 3Þðk
:ðdÞ
F Þð2BÞnjm ; (57d)
ððdÞDBÞð0BÞnjm ¼ ðnþ 1ÞðkðdÞF Þð1BÞnjm ; (57e)
ððdÞDBÞð1BÞnjm ¼ 12ðnðnþ 3Þ þ jðjþ 1ÞÞðkðdÞF Þð1BÞnjm  12ðd 3 nÞðk
:ðdÞ
F Þð2BÞðn1Þjm; (57f)
ððdÞDBÞð1B
0Þ
njm ¼ 12ððnþ 2Þðnþ 3Þ  jðjþ 1ÞÞðkðdÞF Þð1BÞnjm þ 12ðd 3 nÞðk
:ðdÞ
F Þð2BÞðn1Þjm; (57g)
ððdÞDBÞð2BÞnjm ¼ 12ðnþ 3Þðjþ 2Þðj 1ÞðkðdÞF Þð1BÞnjm þ ðd 3 nÞðnþ 2Þðk
:ðdÞ
F Þð2BÞðn1Þjm: (57h)
The same procedure applied to the 11 constraints on the
E-type coefficients reveals that there are four linearly
independent sets of E-type coefficients for Lorentz viola-
tion. In this case, however, some components of the cor-
responding operators are birefringent while others are
nonbirefringent. For ease of application in searches for
Lorentz violation, it would be useful to have a decompo-
sition that separates birefringent and nonbirefringent com-
ponents. At leading order, this separation is achieved by the
Weyl decomposition (33). Unfortunately, the representa-
tions from the Weyl decomposition are incompatible with
the E-type coefficient representations contained in the
symmetry constraints (55). Although the latter indeed in-
clude some operators that are purely birefringent and
others that are purely nonbirefringent, there are typically
also birefringent operators with coefficients that contribute
to the nonbirefringent matrices ^e, ^oþ, ^trþ, and ^tr.
Among the four independent sets of E-type coefficients for
Lorentz violation, there are thus ones that contribute to
ðc^FÞ, ones that contribute to C^	, and ones that con-
tribute to both. However, we do find that only a small
fraction of the coefficients contribute solely to C^	.
Consequently, it is reasonable to seek a decomposition
separating the nonbirefringent terms appearing only in
ðc^FÞ from the birefringent terms contributing to C^	
and possibly also to ðc^FÞ.
We first consider the nonbirefringent case. With zero
leading-order birefringence, Lorentz violation associated
with the quadratic action for electrodynamics is com-
pletely characterized by ðc^FÞ via
ðk^FÞ ! 12ð
ðc^FÞ  
ðc^FÞ þ 
ðc^FÞ
 
ðc^FÞÞ: (58)
The symmetry constraints (55) applied to this expression
yield the equation 0 ¼ @½ðc^FÞ in the nonbirefringent
case. The form of this constraint suggests solving via a
scalar potential ^F, where
ðc^FÞ ! @@^F; (59)
where the derivatives act in momentum space. This result
holds in the nonbirefringent case but is false in general.
Expanding the potential ^F in spherical harmonics,
^ F ¼
X
dnjm
!d2npn0Yjmðp^ÞðcðdÞF Þð0EÞnjm ; (60)
we arrive at the minimal set ðcðdÞF Þð0EÞnjm of nonbirefringent
spherical coefficients for Lorentz violation. This expansion
TABLE IV. Summary of the allowed ranges of indices n and j
for the independent spherical coefficients associated with
CPT-even nonbirefringent operators. The dimension d is even
with d  4, while n  d 4. The index m satisfies the usual
restrictions j  m  j, so there are 2jþ 1 coefficients for
each j. For a given dimension d, the number of coefficients is
given in the last row.
ðcðdÞF Þð0EÞnjm
n j
0 0
1 1
2 0 2
3 1 3
4 0 2 4
..
. ..
. . .
.
d 2 0 2 4 	 	 	 d 2
total 16 ðdþ 1Þdðd 1Þ
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reveals that no B-type spherical coefficients appear in the
absence of leading-order birefringence. The index ranges
and component counting for the coefficients ðcðdÞF Þð0EÞnjm are
summarized in Table IV.
Using the expansion (60), the coefficients ðc^FÞ can be
expressed in terms of the spherical coefficients ðcðdÞF Þð0EÞnjm .
We can also find the contributions to the matrix compo-
nents in the expansions (52)–(54) in the absence of bire-
fringence. Some of these components vanish and others
become equal, yielding
ððdÞDBÞð1EÞnjm!0; ððdÞDBÞð2EÞnjm!0; ððdÞDEÞð0EÞnjm$ððdÞHBÞð0EÞnjm ;
ððdÞDEÞð1EÞnjm$ððdÞHBÞð1EÞnjm ððdÞDEÞð2EÞnjm$ððdÞHBÞð2EÞnjm : (61)
These conditions lead to vanishing ^eþ and ^o, as re-
quired by nonbirefringence. The nonzero contributions are
given by
ððdÞDEÞð0E
0Þ
njm 
ðnþ 2Þðnþ 3Þ þ jðjþ 1Þ
3
ðcðdÞF Þð0EÞðnþ2Þjm þ ðd 3 nÞðd 2 nÞðcðdÞF Þð0EÞnjm ; (62a)
ððdÞDEÞð0EÞnjm 
2nðnþ 2Þ  jðjþ 1Þ
3
ðcðdÞF Þð0EÞðnþ2Þjm; (62b)
ððdÞDEÞð1EÞnjm  ðnþ 1Þjðjþ 1ÞðcðdÞF Þð0EÞðnþ2Þjm; (62c)
ððdÞDEÞð2EÞnjm 
ðjþ 2Þðjþ 1Þjðj 1Þ
2
ðcðdÞF Þð0EÞðnþ2Þjm; (62d)
ððdÞHBÞð0E
0Þ
njm 
2ðnþ 2Þðnþ 3Þ þ 2jðjþ 1Þ
3
ðcðdÞF Þð0EÞðnþ2Þjm; (62e)
ððdÞHBÞð0EÞnjm 
2nðnþ 2Þ þ jðjþ 1Þ
3
ðcðdÞF Þð0EÞðnþ2Þjm; (62f)
ððdÞHBÞð1EÞnjm  ðnþ 1Þjðjþ 1ÞðcðdÞF Þð0EÞðnþ2Þjm; (62g)
ððdÞHBÞð2EÞnjm 
ðjþ 2Þðjþ 1Þjðj 1Þ
2
ðcðdÞF Þð0EÞðnþ2Þjm; (62h)
ððdÞDBÞð0E
0Þ
njm  ðd 3 nÞðnþ 1ÞðcðdÞF Þð0EÞðnþ1Þjm; (62i)
ððdÞDBÞð1E
0Þ
njm  ðd 3 nÞjðjþ 1ÞðcðdÞF Þð0EÞðnþ1Þjm: (62j)
The above analysis completely characterizes the nonbire-
fringent Lorentz-violating operators associated with the
quadratic action for electrodynamics.
In the presence of birefringence, three additional inde-
pendent sets of E-type coefficients appear. We can there-
fore seek four mutually independent sets of spherical
coefficients, with one given by ðcðdÞF Þð0EÞnjm and the remaining
three covering the birefringent portion of coefficient space.
It turns out that the three new sets of coefficients for
birefringence have spin weights zero, one, and two, and
we denote them by ðkðdÞF Þð0EÞnjm , ðk
:ðdÞ
F Þð1EÞnjm , and ðk
:ðdÞ
F Þð2EÞnjm . The
index ranges and component counting for these three sets
are summarized in Table V.
Imposing the symmetry conditions (56), a lengthy cal-
culation yields explicit expressions in terms of ðkðdÞF Þð0EÞnjm ,
ðk:ðdÞF Þð1EÞnjm , and ðk
:ðdÞ
F Þð2EÞnjm for the 12 sets of codependent
E-type coefficients appearing in the expansions
(52)–(54). We find contributions to the codependent coef-
ficients arising from the trace components of ^DE and ^HB
given by
ððdÞDEÞð0E
0Þ
njm 
ðnþ 2Þðnþ 3Þ  jðjþ 1Þ
3
ðkðdÞF Þð0EÞnjm þ ðd 3 nÞðd 2 nÞðkðdÞF Þð0EÞðn2Þjm
 2ðd 3 nÞððnþ 1Þðnþ 2Þ þ ðjþ 2Þðj 1ÞÞ
3
ðk:ðdÞF Þð1EÞðn1Þjm
2ðd 3 nÞðd 2 nÞ
3
ðk:ðdÞF Þð2EÞðn2Þjm; (63a)
ððdÞHBÞð0E
0Þ
njm 
2ððnþ 2Þðnþ 3Þ  jðjþ 1ÞÞ
3
ðkðdÞF Þð0EÞnjm : (63b)
The contributions to the remaining codependent coefficients in ^DE are
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ððdÞDEÞð0EÞnjm 
2nðnþ 2Þ þ jðjþ 1Þ
3
ðkðdÞF Þð0EÞnjm þ
2ðd 3 nÞð4ðnþ 1Þðnþ 2Þ þ ðjþ 2Þðj 1ÞÞ
3
ðk:ðdÞF Þð1EÞðn1Þjm
þ 2ðd 3 nÞðd 2 nÞ
3
ðk:ðdÞF Þð2EÞðn2Þjm; (64a)
ððdÞDEÞð1EÞnjm  ðnþ 1Þjðjþ 1ÞðkðdÞF Þð0EÞnjm  2ðd 3 nÞððnþ 1Þðnþ 2Þ þ ðjþ 2Þðj 1ÞÞðnþ 1Þðk
:ðdÞ
F Þð1EÞðn1Þjm
 2ðd 3 nÞðd 2 nÞðnþ 1Þðk:ðdÞF Þð2EÞðn2Þjm; (64b)
ððdÞDEÞð2EÞnjm 
ðjþ 2Þðjþ 1Þjðj 1Þ
2
ðkðdÞF Þð0EÞnjm þ ðd 3 nÞðjþ 2Þðj 1Þð2ðnþ 2Þ2 þ ðjþ 2Þðj 1ÞÞðk
:ðdÞ
F Þð1EÞðn1Þjm
þ ðd 3 nÞðd 2 nÞð2ðnþ 2Þ2 þ ðjþ 2Þðj 1ÞÞðk:ðdÞF Þð2EÞðn2Þjm; (64c)
while the contributions to the remaining codependent coefficients in ^HB are
ððdÞHBÞð0EÞnjm 
2nðnþ 2Þ þ jðjþ 1Þ
3
ðkðdÞF Þð0EÞnjm þ 2ðnþ 3Þðnþ 4Þðk
:ðdÞ
F Þð2EÞnjm ; (65a)
ððdÞHBÞð1EÞnjm  ðnþ 1Þjðjþ 1ÞðkðdÞF Þð0EÞnjm  2ðnþ 3Þ2ðnþ 4Þðk
:ðdÞ
F Þð2EÞnjm ; (65b)
ððdÞHBÞð2EÞnjm 
ðjþ 2Þðjþ 1Þjðj 1Þ
2
ðkðdÞF Þð0EÞnjm þ ð2ðnþ 3Þ2  jðjþ 1ÞÞðnþ 3Þðnþ 4Þðk
:ðdÞ
F Þð2EÞnjm : (65c)
Finally, the contributions to ^DB are
ððdÞDBÞð0E
0Þ
njm  ðd 3 nÞðnþ 1ÞðkðdÞF Þð0EÞðn1Þjm  ðnþ 2Þðnþ 3Þðnþ 4Þðk
:ðdÞ
F Þð1EÞnjm ; (66a)
ððdÞDBÞð1E
0Þ
njm  ðd 3 nÞjðjþ 1ÞðkðdÞF Þð0EÞðn1Þjm þ ðnþ 2Þ2ðnþ 3Þðnþ 4Þðk
:ðdÞ
F Þð1EÞnjm ; (66b)
ððdÞDBÞð1EÞnjm  nðnþ 2Þðnþ 3Þðnþ 4Þðk
:ðdÞ
F Þð1EÞnjm  2ðd 3 nÞðnþ 2Þðnþ 3Þðk
:ðdÞ
F Þð2EÞðn1Þjm; (66c)
ððdÞDBÞð2EÞnjm  ðjþ 2Þðj 1Þðnþ 2Þðnþ 3Þðnþ 4Þðk
:ðdÞ
F Þð1EÞnjm þ 2ðd 3 nÞðnþ 2Þðnþ 3Þ2ðk
:ðdÞ
F Þð2EÞðn1Þjm: (66d)
The above 12 equations completely characterize the bire-
fringent CPT-even Lorentz-violating operators associated
with the quadratic action for electrodynamics.
To summarize this subsection, we find that the coeffi-
cients controlling the CPT-even Lorentz-violating opera-
tors separate into one set of nonbirefringent E-type
spherical coefficients, three sets of birefringent E-type
spherical coefficients, and two sets of birefringent B-type
spherical coefficients. The component counting for each of
these sets can be found in Tables III, IV, and V. Adding the
totals from each table, we find a net total of ðdþ1Þdðd3Þ
independent spherical coefficients at each even dimension
TABLE V. Summary of the allowed ranges of indices n and j for the independent E-type spherical coefficients associated with
CPT-even birefringent operators. The dimension d is even with d  4, while n  d 4. The index m satisfies the usual restrictions
j  m  j, so there are 2jþ 1 coefficients for each j. For a given dimension d, the number of coefficients of each type is given in
the last row.
ðkðdÞF Þð0EÞnjm ðk:ðdÞF Þð1EÞnjm ðk
:ðdÞ
F Þð2EÞnjm
n j j j
0 2
1 1 3 2
2 0 2 4 1 3 2
3 1 3 5 2 4 3
4 0 2 4 6 1 3 5 2 4
..
. ..
. . .
. ..
. . .
. ..
. . .
.
d 4 0 2 	 	 	 d 2 1 3 	 	 	 d 3 2 4 	 	 	 d 4
total 16 ðd3  d 30Þ 16 ðd 4Þðd2 þ dþ 3Þ 16 ðd 4Þðd2  2d 9Þ
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d. As expected, this matches the group-theoretic result
obtained in Sec. II. Some properties of all these coefficients
are summarized in Table XVII of Sec. VIII.
IV. SPECIAL MODELS
For a given observational or experimental procedure,
particular sensitivity may be achieved to specific combi-
nations of spherical coefficients. Also, the nine basic sets
of spherical coefficients contain a large number of inde-
pendent components, which suggests that some types of
analyses may be challenging to perform in the general
context. It is therefore useful to identify special models
that are limiting cases and are relevant to specific
measurements.
In this section, we first present several convenient limit-
ing cases. Five basic types of model are considered. One is
the minimal SME, which restricts attention to renormaliz-
able terms. Another is the isotropic limit, in which rota-
tional invariance is preserved in a preferred frame. A third
is the vacuum model, which encompasses the subset of
effects detectable in searches using dispersion or birefrin-
gence from astrophysical sources. The fourth is the non-
birefringent nondispersive model, for which the Lorentz-
violating photon propagation exhibits several parallels to
the conventional case. The fifth is the vacuum-orthogonal
model, which is the complement of the vacuum model and
contains coefficients that can be detected only in laboratory
experiments. In a final subsection, we identify particular
subsets of the spherical SME coefficients that correspond
to some special cases appearing in the literature.
A. Minimal SME
The first limiting case we consider is the pure-photon
sector of the minimal SME, obtained by restricting atten-
tion to Lorentz-violating operators of renormalizable di-
mension d  4. Numerous measurements of the
corresponding coefficients have been performed to date
[6], with most analyses using Cartesian components rather
than spherical ones. Discussions of the minimal SME can
be found in the literature [7,11], so we restrict the focus of
this subsection to establishing the relationship between
Cartesian and spherical coefficients. Working in a fixed
inertial frame with Cartesian coordinates ðt; x; y; zÞ, we
determine the linear combinations of spherical coefficients
that correspond to the Cartesian coefficients.
For the Lorentz-violating operators with d ¼ 3, which
are CPT odd, there are four Cartesian components of
ðkð3ÞAFÞ. They are linear combinations of the four spherical
coefficients ðkð3ÞAFÞð0BÞ000 and ðkð3ÞAFÞð1BÞ01m , where m ¼ 0, 1. In
terms of a 4 4 matrix S, we can write the relationship
generically as
K Cartesian ¼ 1ﬃﬃﬃﬃﬃﬃ
4
p S 	Kspherical; (67)
where KCartesian and Kspherical are four-dimensional col-
umn matrices containing the Cartesian and spherical com-
ponents, respectively. Table VI gives the elements of the
matrix S. This table also displays the correspondence
between the four spherical coefficients ðkð3ÞAFÞð0BÞ000 , ðkð3ÞAFÞð1BÞ01m
and the four vacuum coefficients kð3ÞðVÞjm, which are defined
in Eq. (84d) below in the context of the vacuum model
discussed in Sec. IVC.
As an example from Table VI, consider the Cartesian
coefficient ðk^AFÞx. In terms of spherical coefficients, the
table gives
ðk^AFÞx ¼ 1ﬃﬃﬃﬃﬃﬃ
4
p
 ﬃﬃﬃ
3
8
s
ðkð3ÞAFÞð1BÞ011 
ﬃﬃﬃ
3
8
s
ðkð3ÞAFÞð1BÞ01ð1Þ

¼ 1ﬃﬃﬃﬃﬃﬃ
4
p
 ﬃﬃﬃ
3
2
s
kð3ÞðVÞ11 
ﬃﬃﬃ
3
2
s
kð3ÞðVÞ1ð1Þ

: (68)
Note that the spherical coefficients are complex in general,
but the property ðkð3ÞAFÞð0BÞ011 ¼ ½ðkð3ÞAFÞð0BÞ01ð1Þ
 contained in
the phase condition (45) ensures a total of four real degrees
of freedom. Indeed, the components ðk^AFÞx and ðk^AFÞy
correspond, respectively, to the real and imaginary parts
of the spherical coefficient ðkð3ÞAFÞð0BÞ011 .
For the renormalizable CPT-even Lorentz-violating op-
erators, all of which have d ¼ 4, the operator k^F contains
20 real independent constants. From Tables III, IV, and V,
we see that these include two scalar singlets ðcð4ÞF Þð0EÞ000 and
ðcð4ÞF Þð0EÞ200 , one triplet ðcð4ÞF Þð0EÞ11m , and three quintuplets
ðcð4ÞF Þð0EÞ22m , ðkð4ÞF Þð0EÞ22m , ðkð4ÞF Þð1BÞ22m . In terms of the ^ matrices of
Eq. (18), the two singlets can be viewed as corresponding
to the two trace components, while the triplet corresponds
to the antisymmetric part of ^DB. The three quintuplets
match to the traceless parts of ^DE and ^HB and the
symmetric part of ^DB.
We can again write the relationship between Cartesian
and spherical coefficients using the generic form (67). The
elements of the matrix S connecting the parity-even coef-
ficients ^DE and ^HB and the spherical coefficients are
given in Table VII. The elements of S for the parity-odd
coefficients ^DB are given in Table VIII. These tables also
relate the 20 spherical coefficients with d ¼ 4 to the rele-
TABLE VI. Matrix elements relating Cartesian to spherical
coefficients in the CPT-odd part of the photon sector in the
minimal SME. Note that an overall factor of
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=4
p
is omitted.
ðkð3ÞAFÞð0BÞ000 ðkð3ÞAFÞð1BÞ011 ðkð3ÞAFÞð1BÞ010 ðkð3ÞAFÞð1BÞ01ð1Þ
kð3ÞðVÞ00 2kð3ÞðVÞ11 2kð3ÞðVÞ10 2kð3ÞðVÞ1ð1Þ
ðkð3ÞAFÞt 1 0 0 0
ðkð3ÞAFÞx 0
ﬃﬃ
3
8
q
0 
ﬃﬃ
3
8
q
ðkð3ÞAFÞy 0 i
ﬃﬃ
3
8
q
0 i
ﬃﬃ
3
8
q
ðkð3ÞAFÞz 0 0 
ﬃﬃ
3
4
q
0
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vant 20 vacuum coefficients cð4ÞðIÞjm, k
ð4Þ
ðEÞjm, k
ð4Þ
ðBÞjm, which are
defined in Eqs. (84a)–(84c) in the context of the vacuum
model presented in Sec. IVC.
In the photon sector of the minimal SME, the nonbire-
fringent operators are controlled by the ten spherical co-
efficients ðcð4ÞF Þð0EÞnjm , as shown in Sec. III B. Nine combin-
ations of these have been measured in laboratory-based
experiments. The remaining coefficient combination,
^ trþ ¼ 1ﬃﬃﬃﬃﬃﬃ
4
p ½ðcð4ÞF Þð0EÞ000  3ðcð4ÞF Þð0EÞ200 ; (69)
is Lorentz invariant and leads to a rescaling of the electric
and magnetic fields. This combination is therefore typi-
cally taken to vanish, which implies the condition
ðcð4ÞF Þð0EÞ000 ¼ 3ðcð4ÞF Þð0EÞ200 : (70)
This property has been assumed in constructing the entries
for Table VII.
Using the matrix elements in Tables VI, VII, and VIII, it
is comparatively straightforward to convert between
Cartesian and spherical representations of the photon-
sector coefficients in the minimal SME. Note, however,
that the spherical coefficients represent angular-
momentum eigenstates and therefore have simpler rota-
TABLE VIII. Matrix elements relating Cartesian to spherical coefficients in the CPT-even and parity-odd part of the photon sector
in the minimal SME. Note that an overall factor of
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=4
p
is omitted.
ðcð4ÞF Þð0EÞ111 ðcð4ÞF Þð0EÞ110 ðcð4ÞF Þð0EÞ111 ðkð4ÞF Þð1BÞ222 ðkð4ÞF Þð1BÞ221 ðkð4ÞF Þð1BÞ220 ðkð4ÞF Þð1BÞ221 ðkð4ÞF Þð1BÞ222
2cð4ÞðIÞ11 2cð4ÞðIÞ10 2cð4ÞðIÞ11 
ﬃﬃ
2
3
q
kð4ÞðBÞ22 
ﬃﬃ
2
3
q
kð4ÞðBÞ21 
ﬃﬃ
2
3
q
kð4ÞðBÞ20 
ﬃﬃ
2
3
q
kð4ÞðBÞ21 
ﬃﬃ
2
3
q
kð4ÞðBÞ22
ðð4ÞDBÞxx 0 0 0
ﬃﬃﬃﬃ
15
8
q
0 
ﬃﬃ
5
p
2
0
ﬃﬃﬃﬃ
15
8
q
ðð4ÞDBÞxy 0
ﬃﬃﬃ
3
p
0 i
ﬃﬃﬃﬃ
15
8
q
0 0 0 i
ﬃﬃﬃﬃ
15
8
q
ðð4ÞDBÞxz i
ﬃﬃ
3
2
q
0 i
ﬃﬃ
3
2
q
0 
ﬃﬃﬃﬃ
15
8
q
0
ﬃﬃﬃﬃ
15
8
q
0
ðð4ÞDBÞyx 0 
ﬃﬃﬃ
3
p
0 i
ﬃﬃﬃﬃ
15
8
q
0 0 0 i
ﬃﬃﬃﬃ
15
8
q
ðð4ÞDBÞyy 0 0 0 
ﬃﬃﬃﬃ
15
8
q
0 
ﬃﬃ
5
p
2 0 
ﬃﬃﬃﬃ
15
8
q
ðð4ÞDBÞyz 
ﬃﬃ
3
2
q
0
ﬃﬃ
3
2
q
0 i
ﬃﬃﬃﬃ
15
8
q
0 i
ﬃﬃﬃﬃ
15
8
q
0
ðð4ÞDBÞzx i
ﬃﬃ
3
2
q
0 i
ﬃﬃ
3
2
q
0 
ﬃﬃﬃﬃ
15
8
q
0
ﬃﬃﬃﬃ
15
8
q
0
ðð4ÞDBÞzy
ﬃﬃ
3
2
q
0 
ﬃﬃ
3
2
q
0 i
ﬃﬃﬃﬃ
15
8
q
0 i
ﬃﬃﬃﬃ
15
8
q
0
TABLE VII. Matrix elements relating Cartesian to spherical coefficients in the CPT-even and parity-even part of the photon sector
in the minimal SME. We have assumed ðcð4ÞF Þð0EÞ000 ¼ 3ðcð4ÞF Þð0EÞ200 . Note that an overall factor of
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tional properties. The behavior of the spherical coefficients
under rotations is discussed in Sec. V.
B. Isotropic models
In any given inertial frame, a small subset of Lorentz-
violating operators preserve rotational invariance.
Restricting attention to these operators defines an interest-
ing limiting case of the general theory. In these models,
sometimes called ‘‘fried-chicken’’ models due to their
popularity and simplicity, the isotropic inertial frame
must be specified because observer boosts to other frames
destroy the rotational invariance. One natural choice for
the preferred frame is the frame of the CMB, but other
choices are possible. Note, however, that isotropy in the
CMB frame implies anisotropy in a Sun-centered frame
and in laboratory experiments.
Within our analysis, imposing rotational invariance is
immediate. The general isotropic model is obtained by
imposing the condition that all spherical coefficients van-
ish in the preferred frame, except those with j ¼ 0. This
condition drastically reduces the number of available co-
efficients. The only nonzero coefficients are
ðcðdÞF Þn ¼ ðcðdÞF Þð0EÞn00 ; ðk
ðdÞ
F Þn ¼ ðkðdÞF Þð0EÞn00 ;
ðkðdÞAFÞn ¼ ðkðdÞAFÞð0BÞn00 :
(71)
Following standard convention [38], these isotropic coef-
ficients are identified by a ring diacritic. Note that the
coefficient ðcðdÞF Þn controls isotropic nonbirefringent
Lorentz-violating operators in the preferred frame, while
the others control leading-order birefringent effects.
In the general isotropic model, the nonzero components
of k^AF are
ðk^AFÞ0 ¼
X
dn
!d3npnﬃﬃﬃﬃﬃﬃ
4
p ðkðdÞAFÞn; (72a)
ðk^AFÞr ¼ 
X
dn
!d3npnﬃﬃﬃﬃﬃﬃ
4
p ðd 2 nÞ
nþ 2 ðk
ðdÞ
AFÞðn1Þ: (72b)
For the ^ matrices, we find the expressions
ð^DEÞrr ¼
X
dn
!d4npnﬃﬃﬃﬃﬃﬃ
4
p ½ðnþ 1Þðnþ 2ÞððcðdÞF Þðnþ2Þ  ðk
ðdÞ
F ÞnÞ þ ðd 3 nÞðd 2 nÞððcðdÞF Þn þ ðk
ðdÞ
F Þðn2ÞÞ; (73a)
ð^DEÞþ ¼
X
dn
!d4npnﬃﬃﬃﬃﬃﬃ
4
p ½ð1Þðnþ 2ÞððcðdÞF Þðnþ2Þ  ðk
ðdÞ
F ÞnÞ þ ðd 3 nÞðd 2 nÞððcðdÞF Þn þ ðk
ðdÞ
F Þðn2ÞÞ; (73b)
ð^HBÞrr ¼
X
dn
!d4npnﬃﬃﬃﬃﬃﬃ
4
p ð2Þðnþ 2ÞððcðdÞF Þðnþ2Þ þ ðk
ðdÞ
F ÞnÞ; (73c)
ð^HBÞþ ¼
X
dn
!d4npnﬃﬃﬃﬃﬃﬃ
4
p ð1Þðnþ 2Þ2ððcðdÞF Þðnþ2Þ þ ðk
ðdÞ
F ÞnÞ; (73d)
ð^DBÞ ¼
X
dn
!d4npnﬃﬃﬃﬃﬃﬃ
4
p ðiÞðd 3 nÞðnþ 1ÞððcðdÞF Þðnþ1Þ þ ðk
ðdÞ
F Þðn1ÞÞ: (73e)
The index ranges and component counting for the iso-
tropic coefficients can be determined from the j ¼ 0 col-
umns of Tables I, III, IV, and V. For a given even dimension
d, there are d=2 coefficients ðcðdÞF Þn and ðd 4Þ=2 coeffi-
cients ðkðdÞF Þn, for a total of ðd 2Þ independent compo-
nents. For odd d, there are ðd 1Þ=2 coefficients ðkðdÞAFÞn. A
summary of the properties of these coefficients is provided
as part of Table XVIII in Sec. VIII.
C. Vacuum models
For observations of light from distant sources, far-field
solutions apply. The electromagnetic fields are well ap-
proximated by vacuum plane waves with! ¼ p. Although
Lorentz-violating operators typically generate a nontrivial
dispersion relation with !  p, we can impose ! ¼ p in
the operators k^F and k^AF to obtain leading-order results.
The resulting vacuum coefficients for Lorentz violation
comprise the set of linear combinations of spherical coef-
ficients relevant for photon propagation in the vacuum.
They are of direct interest for studies of light from astro-
physical sources, and they can also be important in Earth-
based tests.
Imposing ! ¼ p in the expansions (9) and (10) for k^AF
and k^F dramatically simplifies the spherical-harmonic
structure. It turns out that the relevant combinations of
coefficients are those associated with the Stokes parame-
ters of the eigenmodes for vacuum photon propagation,
because these eigenmodes characterize the effects of
Lorentz violation on the overall photon polarization [11].
To find the eigenmodes, we first need plane-wave solutions
of the modified Maxwell equations (11).
At leading order, the covariant dispersion relation
Eq. (30) becomes
ðpp  ðc^FÞppÞ2  2ð^wÞ
 ð^wÞpppp  4ðpðk^AFÞÞ2 ’ 0: (74)
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The two solutions at leading order can be written as
p0 ’ ð1 &0 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð&1Þ2 þ ð&2Þ2 þ ð&3Þ2
q
Þp; (75)
where the three rotationally invariant dimensionless com-
binations
&0 ¼ 12ðc^FÞpp=!2;
ð&1Þ2 þ ð&2Þ2 ¼ 12ð^wÞð^wÞpppp=!4;
&3 ¼ pðk^AFÞ=!2 (76)
contain coefficients for nonbirefringent CPT-even, bire-
fringent CPT-even, and birefringent CPT-odd effects, re-
spectively. The three combinations &1, &2, &3 turn out to
determine the Stokes parameters of the two eigenmodes.
The momentum structure of Eq. (76) reveals that the
vacuum coefficients for odd d are simply obtained as the
totally symmetric and traceless part of ðkðdÞAFÞ1...ðd3Þ . For
even d, a similar result holds for the vacuum coefficients
ðc^FÞ controlling nonbirefringent effects.
The procedure for finding the Stokes parameters
ðs1; s2; s3Þ ¼ ðQ;U; VÞ associated with the two solutions
in Eq. (75) follows the same basic steps as in Ref. [11].
Using the plane-wave equation (22), we find a solution
with unique polarization for each of the signs in Eq. (75). It
is advantageous to work in the temporal gauge, for which
A0 ¼ 0 and E / A. We can then construct the specific
Stokes parameters for each eigenmode. Adopting the or-
thonormal spherical coordinate system described in
Appendix A 2, we define a general Stokes vector s and
its corresponding three Stokes parameters by
s ¼
s1
s2
s3
0B@
1CA ¼ jEj2  jEj22 ReE
E
2 ImE
E
0B@
1CA: (77)
This Stokes vector completely characterizes the polariza-
tion of an electromagnetic wave. It is also useful to define a
fourth Stokes parameter:
s0 ¼ jEj2 þ jEj2; (78)
which corresponds to the intensity I.
Due to their orthogonality, the specific Stokes vectors
for the two plane-wave solutions differ by a sign. It there-
fore suffices to construct a single specific Stokes vector &,
which can be associated with the faster of the two birefrin-
gent modes. In spherical coordinates, this vector is given
by
& ¼
&1
&2
&3
0B@
1CA ’ 12ðð^eþÞ  ð^eþÞÞ  ð^oÞð^eþÞ þ 12ðð^oÞ  ð^oÞÞ
ððk^AFÞ0  ðk^AFÞrÞ=!
0B@
1CA;
(79)
where we have adopted a convenient normalization. At
leading order, the components of & are consistent with
the combinations (76). In spherical coordinates, the fourth
combination is
&0 ’ 12ð^eÞrr þ ð^trÞ þ ð^oþÞ
¼ 12ð^DE  ^HB þ i^DB þ i^HEÞþ (80)
at leading order. This combination is analogous to the
scalar Stokes parameter s0.
The combinations &0 and &3 are invariant under rotations
about the direction p^ of the photon three-momentum, like
the general Stokes parameters. They therefore have zero
spin weight. The remaining combinations &1 and &2 trans-
form under rotations as a rank-2 traceless tensor in the
tangent space of the sphere and so are combinations of
components with spin weight 2. As a result, the expan-
sion in spin-weighted spherical harmonics of the Stokes
parameters for Lorentz-violating photon propagation takes
the form [22,23]
&0 ¼ X
djm
!d4ð1Þj0Yjmðp^ÞcðdÞðIÞjm;
&1  i&2 ¼ X
djm
!d4ð1Þj2Yjmðp^ÞðkðdÞðEÞjm  ikðdÞðBÞjmÞ;
&3 ¼ X
djm
!d4ð1Þj0Yjmðp^ÞkðdÞðVÞjm: (81)
This result is independent of the index n because at leading
order we can take ! ¼ p in Eq. (76). We remark that the
notation cðdÞðIÞjm adopted here for one of the sets of vacuum
coefficients differs from that of Ref. [23], where the quan-
tity
kðdÞðIÞjm  cðdÞðIÞjm (82)
is used instead. The improved present notation cðdÞðIÞjm re-
flects the absence of birefringence from the corresponding
Lorentz-violating operators. Also, the factors of ð1Þj in
Eq. (81) have been introduced for convenience and to
match the definitions in Ref. [23]. The point is that vacuum
models are well suited for studies involving radiation from
astrophysical sources, for which the source direction n^ is
normally specified rather than the propagation direction
p^ ¼ n^. For these studies, it is therefore more natural to
work with spin weight defined with respect to n^ instead of
p^. The correspondence
ð1ÞjsYjmðp^Þ ¼ sYjmðn^Þ; (83)
which follows from Eq. (A7), can be used to transform
between the two pictures.
The net result of the above discussion is that the vacuum
behavior is controlled by four sets of vacuum coefficients
cðdÞðIÞjm, k
ðdÞ
ðEÞjm, k
ðdÞ
ðBÞjm, and k
ðdÞ
ðVÞjm. These are related to the
general coefficients for Lorentz violation by taking the
limit ! ¼ p in the various expansions provided in
Sec. III. Via this limit, we find the results
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cðdÞðIÞjm ¼
X
n
1
2
ð1Þj

 1
2
ððdÞDEÞð0EÞnjm þ
1
2
ððdÞHBÞð0EÞnjm þ ððdÞDEÞð0E
0Þ
njm  ððdÞHBÞð0E
0Þ
njm þ 2ððdÞDBÞð0E
0Þ
njm

; (84a)
kðdÞðEÞjm ¼
X
n
1
2
ð1Þjþ1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðj 2Þ!
ðjþ 2Þ!
s
ðððdÞDEÞð2EÞnjm þ ððdÞHBÞð2EÞnjm þ 2ððdÞDBÞð2EÞnjm Þ; (84b)
kðdÞðBÞjm ¼
X
n
1
2
ð1Þj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðj 2Þ!
ðjþ 2Þ!
s
ðððdÞDEÞð2BÞnjm þ ððdÞHBÞð2BÞnjm  2ððdÞDBÞð2BÞnjm Þ; (84c)
kðdÞðVÞjm ¼
X
n
ð1Þjþ1

d
nþ 3 ðk
ðdÞ
AFÞð0BÞnjm þ
1
nþ 2 ðk
ðdÞ
AFÞð1BÞnjm

: (84d)
As expected, no frequency or wavelength dependence
appears in these expressions. These equations reveal that
the vacuum coefficients are linear combinations of the
general coefficients involving identical d, j, m indices
but different n values.
The index ranges for the vacuum coefficients cðdÞðIÞjm,
kðdÞðEÞjm, k
ðdÞ
ðBÞjm, and k
ðdÞ
ðVÞjm can be found using general sym-
metry arguments or the relations (84). For even d, there are
ðd 1Þ2 coefficients cðdÞðIÞjm, ðd 1Þ2  4 coefficients
kðdÞðEÞjm, and ðd 1Þ2  4 coefficients kðdÞðBÞjm, giving a total
of 3ðd 1Þ2  8 independent components associated with
CPT-even Lorentz violation in vacuum propagation. For
odd d, the coefficients kðdÞðVÞjm for CPT-odd Lorentz viola-
tion have ðd 1Þ2 independent components. Some prop-
erties of these coefficients are summarized as part of
Table XVIII in Sec. VIII.
The phenomenological effects controlled by each set of
vacuum coefficients are different. The coefficients kðdÞðEÞjm
and kðdÞðBÞjm are associated with CPT-even operators that
lead to birefringence, with the propagating modes being
linearly polarized. The coefficients kðdÞðVÞjm controlCPT-odd
birefringence, and the corresponding eigenmodes are cir-
cularly polarized. In contrast, the CPT-even operators
associated with the coefficients cðdÞðIÞjm are nonbirefringent.
These physical differences suggest it may be of value to
introduce special vacuum models as particular limiting
cases. For example, a nonbirefringent vacuum model in-
volving only nonzero coefficients cðdÞðIÞjm can be counte-
nanced. This model has Lorentz-violating operators only
in even dimensions d ¼ 4; 6; 8; . . . , with the number of
independent coefficients being 9; 25; 49 . . . , respectively.
Another model of interest can be obtained as a hybrid of
the general vacuum model and the isotropic limit, by
introducing a preferred frame in which attention is re-
stricted only to j ¼ 0 coefficients. This vacuum isotropic
model involves only the coefficients cðdÞðIÞ00 and k
ðdÞ
ðVÞ00. It
therefore contains exactly one Lorentz-violating operator
for each value of d.
D. Camouflage models
The vacuum models considered in the previous subsec-
tion are well suited for astrophysical observations. In this
and the following subsections, we consider instead the
subset of spherical coefficients that are challenging to
detect via studies of astrophysical birefringence or disper-
sion but that produce observable effects in laboratory ex-
periments. We begin here by focusing on Lorentz-violating
models without leading-order birefringent or vacuum-
dispersive effects, which we call camouflage models. The
next subsection generalizes this treatment to identify ex-
plicitly all vacuum-orthogonal coefficients, including ones
that control nonvacuum birefringence. The key idea moti-
vating these constructions is that studies of astrophysical
birefringence yield among the best sensitivities to Lorentz
violation in any sector, due to the accumulation of polar-
ization changes that occur over the cosmological propaga-
tion times. This also applies to studies of astrophysical
dispersion, albeit typically at lesser sensitivity. As a result,
searches for Lorentz violation can naturally be split into
ones sensitive to operators generating vacuum birefrin-
gence or vacuum dispersion and ones with sensitivity to
other operators.
We begin by restricting attention to operators without
leading-order birefringence, which are associated with the
spherical coefficients ðcðdÞF Þð0EÞnjm . Some key results for this
case are discussed in Sec. III B above. Following Eq. (58),
the Lagrange density reduces to
L ¼ 14FF  12Fðc^FÞF: (85)
Note that CPT invariance holds because k^AF ¼ 0, and that
only even-dimensional operators with E-type parity
contribute.
Using Eqs. (52) and (62), we can write the ^ matrices in
terms of the coefficients ðcðdÞF Þð0EÞnjm by taking the equality in
(62). However, it is often more convenient to use the
explicit expansion (59) and (60) via the generating function
^. The results are summarized as
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12
ð3^tr þ ^trþÞ ¼
X
dnjm
!d4npn0Yjmðp^Þðd 2 nÞðd 3 nÞðcðdÞF Þð0EÞnjm ; (86a)
3
2
ð^tr  ^trþÞ ¼
X
dnjm
!d4npn0Yjmðp^Þððnþ 2Þðnþ 3Þ  jðjþ 1ÞÞðcðdÞF Þð0EÞðnþ2Þjm; (86b)
ð^eÞrr ¼ 2ð^eþÞþ ¼
X
dnjm
!d4npn0Yjmðp^Þ
ð2nðnþ 2Þ þ jðjþ 1ÞÞ
3
ðcðdÞF Þð0EÞðnþ2Þjm; (86c)
ð^eÞr ¼ ð^eÞr ¼
X
dnjm
!d4npn1Yjmðp^Þð1Þðnþ 1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jðjþ 1Þ
2
s
ðcðdÞF Þð0EÞðnþ2Þjm; (86d)
ð^eÞ ¼
X
dnjm
!d4npn2Yjmðp^Þ
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðjþ 2Þ!
ðj 1Þ!
s
ðcðdÞF Þð0EÞðnþ2Þjm; (86e)
ð^oþÞþ ¼ ð^oþÞþ ¼
X
dnjm
!d4npn0Yjmðp^ÞðiÞðd 3 nÞðnþ 1ÞðcðdÞF Þð0EÞðnþ1Þjm; (86f)
ð^oþÞr ¼ ð^oþÞr ¼
X
dnjm
!d4npn1Yjmðp^ÞðiÞðd 3 nÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jðjþ 1Þ
2
s
ðcðdÞF Þð0EÞðnþ1Þjm: (86g)
Recall that the matrix ^e is traceless and symmetric,
while ^oþ is antisymmetric. For no leading-order birefrin-
gence, the relations
^ DE ¼ ^e þ ^tr þ ^trþ;
^HB ¼ ^e  ^tr þ ^trþ; ^DB ¼ ^oþ
(87)
also hold.
The next step is to consider dispersive effects. For
dimensions d > 4, only a subset of independent combina-
tions of the coefficients ðcðdÞF Þð0EÞnjm are associated with
leading-order vacuum dispersion. The nondispersive op-
erators are precisely the ones of interest that define the
camouflage models. At leading order, the condition that
ensures no vacuum dispersion is
0 ¼ ppðc^FÞjp2¼0: (88)
This is satisfied if the generating function ^F in Eq. (60) is
of the form ^F ¼ p2 ~F. We can therefore define the
camouflage coefficients ðc:ðdÞF Þð0EÞnjm through the expansion
~ F ¼
X
dnjm
!d4npn0Yjmðp^Þðc
:ðdÞ
F Þð0EÞnjm : (89)
This result leads to the comparatively simple relation
ðcðdÞF Þð0EÞnjm ¼ ðc
:ðdÞ
F Þð0EÞnjm  ðc
:ðdÞ
F Þð0EÞðn2Þjm (90)
in the limit of no leading-order birefringence or vacuum
dispersion.
The index ranges for the camouflage coefficients
ðc:ðdÞF Þð0EÞnjm are given in Table IX. For each even dimension
d, there are ðd1Þðd2Þðd3Þ=6 independent compo-
nents. They represent combinations of the ðdþ 1Þ
dðd 1Þ=6 coefficients ðcðdÞF Þð0EÞnjm that are complementary
to the ðd 1Þ2 vacuum coefficients cðdÞðIÞjm introduced in
Sec. IVC. Note that a subset of the camouflage operators
are rotation invariant, so a hybrid camouflage isotropic
model exists that has ðd 2Þ=2 independent coefficients
for each even d.
The camouflage coefficients ðc:ðdÞF Þð0EÞnjm are challenging to
detect via astrophysical observations of birefringence or
dispersion because their effects arise only at higher order.
Along with the minimal-SME coefficients ðcð4ÞF Þð0EÞnjm , they
are best sought via alternative methods such as laboratory
experiments. A class of experiments sensitive to the effects
of these coefficients is discussed in Sec. VII.
TABLE IX. Summary of the allowed ranges of indices n and j
for the independent camouflage coefficients. The dimension d is
even with d  4, while n  d 4. The index m satisfies the
usual restrictions j  m  j, so there are 2jþ 1 coefficients
for each j. For a given dimension d, the total number of
coefficients is given in the last row.
ðc:ðdÞF Þð0EÞnjm
n j
0 0
1 1
2 0 2
3 1 3
4 0 2 4
..
. ..
. . .
.
d 4 0 2 4 	 	 	 d 4
total 16 ðd 1Þðd 2Þðd 3Þ
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E. Vacuum-orthogonal models
In Sec. IVC, we identified the subset of spherical co-
efficients relevant for photon propagation in the vacuum.
These are the vacuum coefficients cðdÞðIÞjm, k
ðdÞ
ðEÞjm, k
ðdÞ
ðBÞjm, and
kðdÞðVÞjm. The number of independent vacuum coefficients
grows as d2 for large d, whereas the total number of
coefficients grows as d3. Consequently, the vacuum coef-
ficients comprise a comparatively small portion of the total
coefficient space. In this subsection, we construct a com-
plete set of independent coefficients spanning the comple-
mentary part of the coefficient space. We refer to these as
the vacuum-orthogonal coefficients. At leading order, the
corresponding vacuum-orthogonal operators induce nei-
ther dispersion nor birefringence for photon propagation
in the vacuum. Instead, these Lorentz-violating effects can
become relevant whenever the boundary conditions or the
properties of macroscopic media differ from those for
vacuum propagation.
To extract the vacuum-orthogonal coefficients, we begin
by considering the E-type vacuum coefficients cðdÞðIÞjm and
kðdÞðEÞjm. Expanding Eqs. (84a) and (84b) in terms of the
general spherical coefficients, we find that each is a com-
bination of ðcðdÞF Þð0EÞnjm , ðkðdÞF Þð0EÞnjm , ðk
:ðdÞ
F Þð1EÞnjm , and ðk
:ðdÞ
F Þð2EÞnjm .
Careful consideration shows that the restriction kðdÞðEÞjm ¼
0 can be achieved by writing ðkðdÞF Þð0EÞnjm as combinations of
ðk:ðdÞF Þð1EÞnjm and ðk
:ðdÞ
F Þð2EÞnjm and a new set of vacuum-orthogonal
coefficients ðk:ðdÞF Þð0EÞnjm . The net result is the replacement of
ðkðdÞF Þð0EÞnjm with ðk
:ðdÞ
F Þð0EÞnjm in the nine sets of general coeffi-
cients, implemented via the substitution
ðkðdÞF Þð0EÞnjm ! ðk
:ðdÞ
F Þð0EÞnjm  ðk
:ðdÞ
F Þð0EÞðnþ2Þjm  a1ðk
:ðdÞ
F Þð1EÞðnþ1Þjm
 a2ðk
:ðdÞ
F Þð2EÞnjm ; (91)
where the numerical factors a1 and a2 are
a1 ¼ ðd 5 nÞð2ðnþ 4Þ
2 þ ðjþ 2Þðj 1ÞÞ þ 2ðnþ 3Þðnþ 4Þðnþ 5Þ
jðjþ 1Þ ;
a2 ¼ 1ðjþ 2Þðjþ 1Þjðj 1Þ ½ðd 5 nÞðd 4 nÞð2ðnþ 4Þ
2 þ ðjþ 2Þðj 1ÞÞ
þ 4ðd 4 nÞðnþ 3Þðnþ 4Þ2 þ ð2ðnþ 3Þ2  jðjþ 1ÞÞðnþ 3Þðnþ 4Þ: (92)
The result (91) represents combinations of E-type coefficients that are complementary to the vacuum coefficients kðdÞðEÞjm.
The index ranges and counting for the vacuum-orthogonal coefficients ðk:ðdÞF Þð0EÞnjm are given in Table X.
The restriction cðdÞðIÞjm ¼ 0 yields a similar result for the coefficients ðcðdÞF Þð0EÞnjm ,
ðcðdÞF Þð0EÞnjm ! ðc
:ðdÞ
F Þð0EÞnjm  ðc
:ðdÞ
F Þð0EÞðn2Þjm  b1ðkðdÞF Þð0EÞðn2Þjm þ b2ðk
:ðdÞ
F Þð1EÞðn1Þjm þ b3ðk
:ðdÞ
F Þð2EÞnjm : (93)
where the numerical factors b1, b2, and b3 are
b1 ¼ ðd 3 nÞðd 2 nÞ þ 2ðd 2 nÞnþ nðnþ 1Þ  jðjþ 1Þðd 3Þðd 2Þ ;
b2 ¼ ðd 3 nÞð2ðnþ 1Þðnþ 2Þ þ ðjþ 2Þðj 1ÞÞ þ 2ðnþ 1Þðnþ 2Þðnþ 3Þðd 3Þðd 2Þ ;
b3 ¼ ðd 5 nÞðd 4 nÞ  ðnþ 3Þðnþ 4Þðd 3Þðd 2Þ :
(94)
TABLE X. Summary of the allowed ranges of indices n and j
for the E-type vacuum-orthogonal coefficients ðk:ðdÞF Þð0EÞnjm associ-
ated with CPT-even nonbirefringent operators. The dimension d
is even with d  4, while n  d 4. The index m satisfies the
usual restrictions j  m  j, so there are 2jþ 1 coefficients
for each j. For a given dimension d, the number of coefficients is
given in the last row.
ðk:ðdÞF Þð0EÞnjm
n j
0
1 1
2 0 2
3 1 3
4 0 2 4
..
. ..
. . .
.
d 4 0 2 4 	 	 	 d 4
total 16 ðd 1Þðd 2Þðd 3Þ  1
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The coefficients ðc:ðdÞF Þð0EÞnjm appearing in Eq. (93) are the
camouflage coefficients introduced in the previous subsec-
tion. Their index ranges and counting are given in
Table IX. Note that ðkðdÞF Þð0EÞnjm appears in Eq. (93), so the
expression (91) is needed to fully reduce ðcðdÞF Þð0EÞnjm . Note
also that Eq. (93) generalizes Eq. (90) to include coeffi-
cients for birefringent operators that leave unaffected vac-
uum propagation at leading order. This shows explicitly
that these operators contribute both to birefringent and to
nonbirefringent effects, an effect discussed in Sec. III B.
Determining the combinations of spherical coefficients
that are complementary to the vacuum coefficient kðdÞðBÞjm is
more straightforward. We can write
kðdÞðBÞjm ¼
X
n
ð1Þjþ1ðd 1Þ
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðj 2Þ!
ðjþ 2Þ!
s
ððd 2Þðk:ðdÞF Þð2BÞnjm
þ ðjþ 2Þðj 1ÞðkðdÞF Þð1BÞnjm Þ: (95)
Taking into account the index ranges of ðkðdÞF Þð1BÞnjm and
ðk:ðdÞF Þð2BÞnjm , we find that a suitable set of coefficients compat-
ible with the restriction kðdÞðBÞjm ¼ 0 is obtained by replacing
ðkðdÞF Þð1BÞnjm with a new set ðk
:ðdÞ
F Þð1BÞnjm of vacuum-orthogonal
coefficients. The combination leading to vanishing kðdÞðBÞjm is
given by
ðkðdÞF Þð1BÞnjm ! ðk
:ðdÞ
F Þð1BÞnjm  ðk
:ðdÞ
F Þð1BÞðnþ2Þjm
 ðd 2Þðjþ 2Þðj 1Þ ðk
:ðdÞ
F Þð2BÞðnþ1Þjm: (96)
The index ranges and counting for the coefficients ðk:ðdÞF Þð1BÞnjm
are given in Table XI. Note that the coefficients ðk:ðdÞF Þð1BÞnjm
and ðk:ðdÞF Þð2BÞnjm are absent from Eq. (93), so the corresponding
operators have no nonbirefringent effects.
Finally, we construct the combinations of spherical co-
efficients that are complementary to kðdÞðVÞjm. Although the
vacuum coefficients kðdÞðVÞjm have the comparatively simple
form (84d), finding combinations that cover the coefficient
space under the restriction kðdÞðVÞjm ¼ 0 involves some cal-
culation. It turns out to involve two new sets ðk:ðdÞAFÞð0BÞnjm ,
ðk:ðdÞAFÞð1BÞnjm of vacuum-orthogonal coefficients, which appear
via the substitutions
ðkðdÞAFÞð0BÞnjm !
ðd 2 nÞðnþ 3Þ
dðd 2 nþ jÞ ððk
:ðdÞ
AFÞð0BÞnjm  ðk
:ðdÞ
AFÞð0BÞðn2ÞjmÞ
 1
nþ 1 ðk
:ðdÞ
AFÞð1BÞðn1Þjm; (97)
ðkðdÞAFÞð1BÞnjm !
jðnþ 2Þ
d 3 nþ j ððk
:ðdÞ
AFÞð0BÞðnþ1Þjm  ðk
:ðdÞ
AFÞð0BÞðn1ÞjmÞ
þ d
nþ 4 ðk
:ðdÞ
AFÞð1BÞnjm : (98)
The index ranges and the numbers of independent compo-
nents for the vacuum-orthogonal coefficients ðk:ðdÞAFÞð0BÞnjm and
ðk:ðdÞAFÞð1BÞnjm are shown in Table XII.
To summarize, in this subsection we have completed the
decomposition of the original nine sets of general spherical
coefficients into those that generate leading-order effects in
the vacuum propagation of light and those that comprise
the complementary subset. The four sets of vacuum coef-
ficients are cðdÞðIÞjm, k
ðdÞ
ðEÞjm, k
ðdÞ
ðBÞjm, and k
ðdÞ
ðVÞjm. They are dis-
cussed in Sec. IVC. The complement consists of the nine
TABLE XII. Summary of the allowed ranges of indices n and j
for the vacuum-orthogonal coefficients ðk:ðdÞAFÞð0BÞnjm and ðk
:ðdÞ
AFÞð1BÞnjm
associated with CPT-odd nonbirefringent operators. The dimen-
sion d is even with d  4, while n  d 4. The index m
satisfies the usual restrictions j  m  j, so there are 2jþ 1
coefficients for each j. For a given dimension d, the number of
coefficients is given in the last row.
ðk:ðdÞAFÞð0BÞnjm ðk
:ðdÞ
AFÞð1BÞnjm
n j j
0 0 1
1 1 2
2 0 2 1 3
3 1 3 2 4
4 0 2 4 1 3 5
..
. ..
. . .
. ..
. . .
.
d 4 1 3 	 	 	 d 4 2 4 	 	 	 d 3
total 16 ðd 1Þðd 2Þðd 3Þ 16 ðdþ 1Þðd 1Þðd 3Þ
TABLE XI. Summary of the allowed ranges of indices n and j
for the B-type vacuum-orthogonal coefficients ðk:ðdÞF Þð1BÞnjm associ-
ated with CPT-even nonbirefringent operators. The dimension d
is even with d  4, while n  d 4. The index m satisfies the
usual restrictions j  m  j, so there are 2jþ 1 coefficients
for each j. For a given dimension d, the number of coefficients is
given in the last row.
ðk:ðdÞF Þð1BÞnjm
n j
0
1 1
2 2
3 1 3
4 2 4
..
. ..
. . .
.
d 4 2 4 	 	 	 d 4
total 16dðd 2Þðd 4Þ
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reduced sets of vacuum-orthogonal coefficients ðc:ðdÞF Þð0EÞnjm ,
ðk:ðdÞF Þð0EÞnjm , ðk
:ðdÞ
F Þð1EÞnjm , ðk
:ðdÞ
F Þð2EÞnjm , ðk
:ðdÞ
F Þð1BÞnjm , ðk
:ðdÞ
F Þð2BÞnjm , ðk
:ðdÞ
AFÞð0BÞnjm ,
ðk:ðdÞAFÞð1BÞnjm , and ðk
:ðdÞ
AFÞð1EÞnjm . Note that these are nonzero only
for d > 4. This decomposition is summarized as part of
Table XVIII in Sec. VIII.
Except for the camouflage coefficients ðc:ðdÞF Þð0EÞnjm dis-
cussed in the previous subsection, all the vacuum-
orthogonal coefficients control birefringence effects that
cannot be detected at leading order via vacuum propaga-
tion. To measure these coefficients, alternative methods
such as laboratory experiments are therefore desirable. In
contrast, all four sets of vacuum coefficients are detectable
in astrophysical tests involving birefringence or dispersion,
with the exception of the special d ¼ 4 coefficients cð4ÞðIÞjm.
The latter have been extensively studied through a variety
of different methods [12–17].
Note also that various hybrid models involving the
vacuum-orthogonal coefficients can be countenanced. For
example, a general vacuum-orthogonal isotropic model is
obtained upon further restricting attention to the isotropic
coefficients ðc:ðdÞF Þð0EÞn00 , ðk
:ðdÞ
F Þð0EÞn00 , and ðk
:ðdÞ
AFÞð0BÞn00 . This model
has ðd 2Þ=2 nonbirefringent and ðd 4Þ=2 birefringent
operators for even d, along with ðd 3Þ=2 birefringent
operators for odd d.
F. Connections to other formalisms
Several specialized models involving particular Lorentz-
violating photon operators with d > 4 have been consid-
ered in the literature. The generality of the SME implies
that any realistic model for the photon propagator compat-
ible with standard field theory is encompassed via special
values of the coefficients k^F and k^AF. In this subsection, we
outline some of these connections. For a selection of
specific models defined via field theory, we provide ex-
plicit limiting values of the SME coefficients for Lorentz
violation that reproduce the models. We also offer here
some remarks about the relationship between the SME and
the kinematical approach to Lorentz violation, which is
based on altering the transformation laws. Comments on
the links between the photon sector of the SME and
Lorentz-violating modifications of the photon dispersion
relation outside the context of standard field theory can be
found in Sec. VIA.
1. Field-theoretic models
We begin by discussing models defined via a Lagrange
density in field theory. Several specialized models exist
that involve photon fields with a small number of specific
Lorentz-violating operators of mass dimensions d ¼ 5 and
in some cases also d ¼ 6. We provide here brief comments
identifying the match between these models and the SME
coefficients for Lorentz violation.
One such model is presented by Gambini and Pullin
[60]. Lorentz violation in this model is controlled by the
parameter lP. To see the connection to the SME, we can
make the field redefinition
E þ 2lPrE! E: (99)
This model then is equivalent to taking the special limit of
the SME with the nonzero coefficients being ðkð5ÞAFÞ0jk and
ðkð6ÞF Þjklmpq, given by
ðkð5ÞAFÞ0jk ¼ 2lPjk;
ðkð6ÞF Þjklmpq ¼ 42l2Pðjknnlmpq  14jkðpqÞlmÞ: (100)
This model involves only isotropic Lorentz violations, so it
is a special limit of the isotropic models discussed in
Sec. IVB. In terms of the coefficients for Lorentz violation
defined in Eq. (71), the match
ðkð5ÞAFÞ2 ¼ 2
ﬃﬃﬃﬃﬃﬃ
4
p
lP;
ðcð6ÞF Þ2 ¼ ðk
ð6Þ
F Þ2 ¼ 
ﬃﬃﬃﬃﬃﬃ
4
p
2l2P=5
(101)
provides a complete specification of this model within the
SME. It involves three nonzero isotropic coefficients con-
taining a single degree of freedom. A nonlinear general-
ization of this model is obtained in Ref. [61], in which the
propagator component is a special limit of the isotropic
models discussed in Sec. IVB with 3 degrees of freedom.
Another specialized model incorporating photon-sector
Lorentz violation is introduced by Myers and Pospelov
[62]. This model has a unit timelike background vector
n that defines a preferred frame and a parameter =MP
setting the scale of the Lorentz violation. Only one d ¼ 5
Lorentz-violating operator affects the photon propagator.
In terms of SME coefficients, the model is obtained by
taking the nonzero coefficients for Lorentz violation to be
ðkð5ÞAFÞ ¼ 

MP

nnn  1
5
n2nð
Þ

: (102)
In the preferred frame, the vector takes the form n ¼
ð1; 0; 0; 0Þ. This model can therefore also be defined
uniquely in terms of isotropic Lorentz violation and under-
stood as a special limit of the isotropic models discussed in
Sec. IVB. It is equivalent to taking as nonzero only the
coefficient ðkð5ÞAFÞ0, with the specific choice
ðkð5ÞAFÞ0 ¼ 3
ﬃﬃﬃﬃﬃﬃ
4
p
5MP
: (103)
A model focusing on a Lagrange density that is explic-
itly gauge invariant and involves Lorentz-violating opera-
tors with d ¼ 5 is considered by Bolokhov and Pospelov
[63]. By construction, the component of the model relevant
to the photon propagator is restricted to Lorentz violation
affecting leading-order vacuum propagation. It consists of
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d ¼ 5 operators governed by a totally symmetric and trace-
less parameter C. This parameter has 16 independent
components, corresponding to the 16 vacuum coefficients
kð5ÞðVÞjm among the 36 independent coefficients ðkð5ÞAFÞ for
Lorentz violation at d ¼ 5 in the SME. In terms of the
latter coefficients, the model is fixed by
kð5ÞðVÞjm  ðkð5ÞAFÞjsymmetrictraceless ¼ 2C; (104)
where the correspondence on the left-hand side is deter-
mined by matching Eqs. (76) and (81), and the restriction
to the 16 relevant coefficients in ðkð5ÞAFÞ is obtained by
imposing total symmetry and tracelessness. The 20 SME
coefficients at d ¼ 5 that are absent from this model are the
vacuum-orthogonal coefficients ðk:ð5ÞAFÞð0BÞnjm , ðk
:ð5Þ
AFÞð1BÞnjm , and
ðk:ð5ÞAFÞð1EÞnjm , which leave unaffected leading-order vacuum
propagation but nonetheless produce leading-order effects
in suitable laboratory experiments.
The series structure of the SME Lagrange density (8)
implies that models defined via nonpolynomial but analytic
functionals of field operators can be matched to the SME
by Taylor expansion. This includes models with apparent
singularities, provided the expansion is taken about a non-
singular point. In the latter case, distinct analytic continu-
ations may correspond to different values of SME
coefficients, which may lead to unusual dynamical effects.
As an illustration, consider the class of Lorentz-
violating models called very special relativity (VSR)
[64], in which the Lorentz group is broken explicitly to
the four-parameter subgroup SIM(2). It is useful to intro-
duce the operator N ¼ n=ðn 	 @Þ, where n is a unit null
vector that establishes a preferred lightlike direction. It
follows that the combination N 	 T involving a tensor field
operator T is SIM(2) covariant but violates Lorentz covari-
ance. We can construct a generic on-shell linear VSR
electrodynamics preserving gauge invariance by specify-
ing field equations of the form
@F
 þ KðNÞF ¼ 0; (105)
where KðNÞ is a nontrival four-vector function of N that
can also depend on the metric, the Levi-Civita tensor, and
derivatives. Note that it is problematic to obtain a gauge-
invariant action for these equations.
To investigate the correspondence to the SME, it is
convenient to work in momentum space, where the opera-
tor iN ¼ n=ðn 	 pÞ is singular whenever n 	 p ¼ 0.
Matching the momentum-space version of the VSR elec-
trodynamics (105) to the momentum-space version of the
SME equations of motion (11) therefore involves expand-
ing KðiNÞFðpÞ about a nonsingular pointQ in momen-
tum space. Assigning coordinates p

Q to Q, we find the
expansion converges either for 0< n 	 p < 2n 	 pQ or for
2n 	 pQ < n 	 p < 0, corresponding to two different ana-
lytic continuations of K. Each expansion can be matched
to a set of SME coefficients, but the two sets of coefficients
differ. This implies the VSR electrodynamics (105) is
represented by two different limits of the SME, according
to the value of the photon momentum relative to the
preferred lightlike direction.
2. Robertson-Mansouri-Sexl model
In a different vein, some authors adopt a kinematical
approach to Lorentz violation that is based on modifica-
tions of the transformation laws. An older test model of this
type that is encompassed by the SME approach is the
kinematical formalism of Robertson, Mansouri, and Sexl
(RMS) [65,66]. This approach assumes that there is a
preferred universal inertial frame U in which light prop-
agates conventionally as measured using a definite set of
rods and clocks. In other frames, which include any inertial
frame E relevant for experiment, light can behave aniso-
tropically with respect to the boosted rods and clocks. The
RMS approach assumes that the lengths of rods and the
ticking rates of clocks are invariant in inertial frames
related to U by RMS coordinate transformations T.
These are deformations of the Lorentz transformations
involving three functions of the boost v, conventionally
denoted as aðvÞ, bðvÞ, dðvÞ.
The RMS formalism can be translated into the SME
framework. Consider first the preferred universal frame
U. Since light is conventional in U by definition, the
Maxwell action must be valid in this frame, so that
L photonRMS;U ¼ 14

FF: (106)
This Lagrange density is Lorentz invariant, so all Lorentz
violation in this frame resides in the physics describing the
chosen rods and clocks. For the photons, we can match the
RMS formalism to the SME by imposing the condition
L photonSME;U ¼ LphotonRMS;U; (107)
which eliminates all Lorentz-violating effects in the photon
sector of the SME as seen in U.
For the RMS rods and clocks, any realistic set is made of
constituent particles and fields. Since the SME describes
general Lorentz violation for all particles and fields, it
follows that the properties of any definite set of rods and
clocks can be derived from the full SME action, at least in
principle. This action contains infinitely many coefficients
for Lorentz violation outside the photon sector, so there is
plenty of room for anomalous behavior. However, to pre-
serve the observed isotropy of light in U required by the
RMS formalism for any possible choice of rods and clocks,
only violations of Lorentz invariance in U that produce
isotropic effects on the rods and clocks should be counte-
nanced. We conclude that the match between the RMS
formalism and the SME in the frame U requires restricting
the SME to a subset of coefficients outside the photon
sector. For definiteness in what follows, we denote these
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SME coefficients collectively by fkg. Note that fkg can
include anisotropic coefficients, provided they have no
anisotropic effects on the chosen rods and clocks.
Next, consider an experimentally relevant frame E that is
moving with velocity v relative to U. In the RMS formal-
ism, the properties of light in E are obtained by performing
a RMS coordinate transformation using T. This leads to
a modified Maxwell action with
L photonRMS;E ¼ 14
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jgRMSj
q
ðg1RMSÞðg1RMSÞFF; (108)
where
ðgRMSÞ ¼ 
ðT1ÞðT1Þ (109)
is an effective metric that depends on the three functions a,
b, d. Note that physically different choices for the rods and
clocks in the frame U imply different invariant RMS trans-
formations and hence different a, b, d.
In contrast, the SME properties of light and the boosted
rods and clocks in the frame E are obtained by performing
a particle Lorentz transformation with the velocity v. Since
LphotonSME;U is invariant under particle Lorentz transformations,
light in the SME must obey conventional electrodynamics
in the frame E too. However, the rods and clocks involve
Lorentz-violating operators that change under the particle
Lorentz transformation. This produces a deformation of
the standard rods and clocks in E that depends on the SME
coefficients fkg.
We thus find that the RMS formalism and the SME
naturally generate two different coordinate systems for
describing physics in the frame E. To relate the two, we
can redefine the length and time intervals specified by the
boosted SME rods and clocks to match numerically those
of the boosted RMS rods and clocks, and we can choose the
SME synchronization to match the RMS one. The redefi-
nition can be implemented by scaling the spacetime coor-
dinates. In the photon sector of the SME, the scaling
produces an effective metric ðgSME;effÞ that depends on
the coefficients fkg. Since measurements made with rods
and clocks using either coordinate system now agree, this
metric must match the RMS metric (109) in the frame E.
This yields the result
ðgSME;effÞðfkgÞ ¼ ðgRMSÞða; b; dÞ; (110)
which provides a direct correspondence between the SME
coefficients and the RMS functions.
The above match shows that the RMS formalism can be
understood as a special limit of the SME in which normal
light behavior together with Lorentz violation affecting
rods and clocks isotropically are assumed in the frame U.
This limit excludes infinitely many Lorentz-violating ef-
fects. Since the RMS formalism is a special-relativistic test
model, the gravitational sector of the SME must also be
disregarded. Note that the three functions a, b, d can be
expanded in powers of the velocity to yield a triple infinity
of constant parameters, which can be absorbed into the
multiple infinity of coefficients fkg. In the idealized case of
rods and clocks formed from a scalar particle with only one
isotropic dimension-zero coefficient k for Lorentz viola-
tion in the frame U, explicit expressions for the three RMS
functions in terms of k are given in Sec. III C of Ref. [11].
Another point of interest is that physically different rods
and clocks are associated with different functions a, b, d,
and so involve different combinations of the coefficients
fkg. Within the RMS formalism, measurements of a, b, d in
a given experiment cannot meaningfully be compared to
those in another experiment unless physically identical
rods and clocks are used in both. Note that the rods and
clocks must also be in the same physical state, since state
changes in the presence of Lorentz violation can deform
physical properties. This major disadvantage of the RMS
formalism is circumvented by the SME. The SME coef-
ficients for Lorentz violation are specific to particles and
interactions and can therefore be reported in an
experiment-independent way in a conveniently chosen
frame, which conventionally is taken as the Sun-centered
frame described in Sec. V.
To illustrate the above reasoning with an explicit ex-
ample, we can consider a scenario in which the photons,
the chosen rods, and the chosen clocks each have proper-
ties governed by different effective metrics. Following the
RMS assumptions, the effective metric ðgphoton;UÞ for
photons in the frame U must be taken as the Minkowski
metric, while the effective metric ðgrod;UÞ for the rods
and the effective metric ðgclock;UÞ for the clocks charac-
terize the Lorentz-violating physics in U. We examine here
a simple model for which
ðgphoton;UÞ ¼ 
; ðgrod;UÞ ¼ 
  ðcrod;UÞ;
ðgclock;UÞ ¼ 
  ðcclock;UÞ: (111)
The quantities ðcrod;UÞ and ðcclock;UÞ can be viewed as
effective coefficients for Lorentz violation defined in the
frame U. Depending on the nature of the chosen rods and
clocks, these coefficients can be identified either directly
with specific SME coefficients or indirectly as suitable
combinations of SME coefficients. We also assume the
conditions
ðcrod;UÞj0 ¼ ðcrod;UÞ0k ¼ 0;
ðcrod;UÞjk ¼ 13ðcrod;UÞ00jk;
ðcclock;UÞj0 ¼ ðcclock;UÞ0k ¼ 0;
ðcclock;UÞjk ¼ 13ðcclock;UÞ00jk;
(112)
which ensure isotropic properties of the rods and clocks in
U, as required by the RMS formalism. For simplicity, the
coefficients are taken to be independent of spacetime po-
sition or, equivalently, independent of frequency and mo-
mentum. This simple model therefore has only 2 degrees of
freedom controlling Lorentz violation.
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Suppose for definiteness that the experimentally relevant
frame E is moving with velocity v ¼ ðv; 0; 0Þ relative to U.
Following the general reasoning above, we can obtain the
SME description of the model in E by performing a stan-
dard particle Lorentz transformation  from U to E. The
resulting effective metrics in E are given by expressions of
the form
gE ¼ 1TgU1: (113)
In the frame E, light remains conventional but the rods and
clocks are distorted. To match to the RMS formalism, we
must therefore seek alternative coordinates in E in which
the rods are isotropic and of the same length as in U, and in
which the clocks tick at the original rate in U. The appro-
priate coordinate transformation C leaves the origin of E in
place but acts on the effective metrics as
gE ! C1TgEC1  C1T1TgU1C1: (114)
Since the components ðgrodÞjk determine the rod length and
the component ðgclockÞ00 determines the clock ticking rate,
and since both these quantities are assumed invariant in the
RMS formalism, the required transformation C is fixed by
demanding that
½C1T1Tðgrod;UÞ1C1jk ¼ ðgrod;UÞjk;
½C1T1Tðgclock;UÞ1C100 ¼ ðgclock;UÞ00:
(115)
With the usual definition   1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2
p
, we find that the
nonzero elements of C take the form
C00 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðcclock;UÞ002ð1þ 13v2Þ
1 ðcclock;UÞ00
vuut ;
C11 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðcrod;UÞ002ð13þ v2Þ
1þ 13 ðcrod;UÞ00
vuut ;
C22 ¼ C33 ¼ 1;
(116)
which amounts to performing different dilations of time
and of space in the direction of the boost.
With this information in hand, we can construct the
RMS transformation T  C from U to E. This provides
the direct correspondence between the SME coefficients
and the RMS functions a, b, d for this simple model. We
obtain
a ¼ 1

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðcclock;UÞ002ð1þ 13v2Þ
1 ðcclock;UÞ00
vuut ;
b ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðcrod;UÞ002ð13þ v2Þ
1þ 13 ðcrod;UÞ00
vuut ;
d ¼ 1;  ¼ a
2v
b
;
(117)
where  is the RMS synchronization function in Einstein
synchronization. Unlike the elementary single-coefficient
example given in Ref. [11], the present model has a  1=b.
It also has d ¼ 1, but allowing frequency dependence in
ðcrod;UÞ00 can generate d  1 via the mixing of frequency
with momentum resulting from the  boost and its con-
sequent effects on C. A frequency or momentum depen-
dence may arise directly from the inclusion of matter-
sector operators of nonrenormalizable dimension [44], or
indirectly from combinations of SME coefficients of re-
normalizable dimension when the motions of the compo-
nent particles in the rod are incorporated.
Expanding the above results for a, b, d to leading order
in v2 and to leading order in coefficients for Lorentz
violation yields
a  1þ v2;  ¼ 12 512ðcclock;UÞ00;
b  1þ v2;  ¼ 12þ 712ðcrod;UÞ00;
d  1þ v2;  ¼ 0:
(118)
The combination of the RMS parameters , ,  that can
be tested in Michelson-Morley experiments is known to be
[66]
þ  12 ¼ 712ðcrod;UÞ00; (119)
and the combination tested in Kennedy-Thorndike experi-
ments is
 þ 1 ¼  712ðcrod;UÞ00  512ðcclock;UÞ00; (120)
while Ives-Stilwell experiments are sensitive to .
Evidently, two of the three types of experiments are re-
quired to disentangle all effects, even for this simple
model. Various special cases can be considered. For ex-
ample, if either ðcrod;UÞ00 or ðcclock;UÞ00 vanishes, then either
Michelson-Morley or Ives-Stilwell experiments have no
signal. If ðcrod;UÞ00 ¼ ðcclock;UÞ00, all experiments have in-
terdependent signals.
The example verifies that the RMS formalism concerns
Lorentz-violation residing in the matter sector rather than
in the photon sector. Note that different choices of rods and
clocks generically involve different values of ðcrod;UÞ00 and
ðcclock;UÞ00 and therefore are associated with distinct
Lorentz-violating effects, confirming that results from
RMS experiments performed using different rods and
clocks cannot meaningfully be compared. Note also that
ðcrod;UÞ00 and ðcclock;UÞ00 are defined in the frame U, which
typically differs from the canonical Sun-centered frame S
in which SME coefficients are reported. A conventional
particle Lorentz boost from U to S can be implemented to
identify the relevant coefficient combinations in S.
Interpreting experiments in the RMS formalism requires
a choice of U, which is often taken as the frame of the
cosmic microwave background, in which case the relevant
boost to S is of order 103 and so to a good approximation
ðcrod;UÞ00 ¼ ðcrod;SÞTT and ðcclock;UÞ00 ¼ ðcclock;SÞTT .
Alternatively, the frame U can simply be chosen to be
V. ALAN KOSTELECKY´ AND MATTHEW MEWES PHYSICAL REVIEW D 80, 015020 (2009)
015020-30
the frame S, since to date no compelling evidence for
anisotropic Lorentz violation in S has been identified.
Other choices are also possible. The requirement that U
be specified to fix the RMS formalism is a disadvantage
that is avoided in the SME, where any universal frame U is
acceptable and moreover the existence of U is unnecessary
for interpreting experimental data.
3. Deformed special relativities
Another kinematical approach involves requiring the
invariance of all physics under some specified modification
of the Lorentz transformations. Recent efforts along these
lines are generically called deformed special relativity
(DSR), or in some cases doubly special relativity or
kappa-deformed relativity [67]. They posit that all physics
is invariant under a set of deformed nonlinear Lorentz
transformations, usually one that introduces a maximum
energy scale. A generic DSR model is defined by replacing
the four-momentum p with a modified four-momentum
, typically with a Planck-scale suppression factor for the
deformation [68]. The momentum-space Lorentz transfor-
mations act conventionally on . This induces unconven-
tional DSR transformations on p, which are required to
leave invariant the physics of the model.
Since the SME contains arbitrary polynomial Lorentz-
violating operators at all mass dimensions, it must be
possible to express any nonsingular DSR model involving
realistic fields in the SME framework. The deformations
normally are assumed to preserve rotation invariance, in
which case the match to the SME involves the isotropic
coefficients discussed in Sec. IVB. Within the context of
the present work, we can investigate this correspondence
explicitly in the photon sector.
Consider a generic DSRmodel in which the replacement
of the four-momentum p is specified by the nonlinear
transformation
p !  ¼ MðpÞp (121)
acting in momentum space, whereM
ðpÞ is a nonsingular
matrix that is a deformation of the identity. By definition,
the Lorentz transformations 
 in momentum space act
on  as usual,  ! 0 ¼ . It follows that the
expressions
p ! p0 ¼ Sp; S ¼ ðM1MÞ (122)
specify the nonlinear DSR transformations S
 of p.
In the photon sector, we can determine the DSR-
covariant dispersion relation for the photon by applying
the replacement (121) to the standard Maxwell dispersion
relation p

p ¼ 0. This gives
pðg1DSRÞp ¼ 0; (123)
where the effective metric
ðgDSRÞ ¼ 
ðM1ÞðM1Þ (124)
is defined in momentum space. By construction, the dis-
persion relation (123) is invariant under the DSR trans-
formations S
 in Eq. (122).
In the SME context, the DSR dispersion relation (123) is
recovered as a limiting case of the scalar covariant disper-
sion relation (30). The match arises in the special limit with
ðk^AFÞ ¼ 0 and with the momentum-space operator
ðk^FÞ given by
ðk^FÞ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃgDSRp ðg1DSRÞðg1DSRÞ
 12ð

  

Þ: (125)
We see that the nonlinear transformationM
ðpÞ generates
a subset of the Lorentz-violating operators in the SME,
typically in the form of an infinite series.
An alternative derivation yielding the same result can be
performed at the level of field theory. We can construct the
DSR-invariant modified action for this generic model by
taking the Maxwell action in momentum space and imple-
menting the replacement (121). The transformation of the
photon field under S
 is taken as
AðpÞ ! A0ðp0Þ ¼ SðpÞAðpÞ; (126)
corresponding to the replacement A ! MA. This
gives the momentum-space Lagrange density
L photonDSR ðpÞ ¼ 14
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jgDSRj
q
ðg1DSRÞðg1DSRÞFF;
(127)
where the effective metric ðgDSRÞ in momentum space is
given by Eq. (124). By construction, the Lagrange density
(127) is invariant under the DSR transformations S
 in
Eq. (122). In the SME context, this same Lagrange density
is obtained as the special limit of the SME photon sector of
the form
L photonSME jDSR  LphotonDSR
¼ 14FF  14Fðk^FÞF; (128)
where the momentum-space operator ðk^FÞ is given by
Eq. (125). This SME construction applies for a generic
DSR model, and it confirms that the nonlinear transforma-
tion M
ðpÞ produces a series of SME coefficients for
Lorentz violation.
Although the model (128) transforms nontrivially under
conventional particle Lorentz transformations, observable
physical effects cannot arise. This is because in any frame
the inverse momentum replacement can be applied to all
particles and fields to recover an action of the usual
Lorentz-invariant form in terms of the momentum ,
and any experiment naturally identifies this momentum
as the physical one. The situation in this respect differs
from that of the RMS formalism, where only the rods and
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clocks are assumed invariant under modified Lorentz trans-
formations while light behaves differently, so physical
effects can arise. It also differs from the SME, where
distinct particles and fields can break Lorentz symmetry
in different ways and only a subset of coefficients are
unobservable. The absence of observable effects when
the conventional momentum is adopted is a known char-
acteristic of DSR models [69], which follows from their
definition as nonlinear momentum-space representations
of the usual Lorentz transformations.
More generally, the above considerations reveal that
modifications of the dynamics are unphysical whenever
they arise from a universal and reversible momentum sub-
stitution. Observable effects might in principle be possible
in special models if singularities in the physics obstruct the
recovery of the usual four-momentum via the inverse
momentum replacement, although the requirement of
physical singularities seems unappealing. However, an
alternative approach does exist. Observable effects in mod-
els with deformed Lorentz transformations can be obtained
by imposing the deformed invariance only on a subset of
particles or fields, while either conventional Lorentz in-
variance or a different deformed invariance holds for
others. This idea has not been investigated in the literature,
perhaps because the idea of two or more mutually incom-
patible invariances in nature runs counter to the DSR
philosophy. Note that any such models are subsets of the
SME, so constraints from SME coefficients apply.
As one simple exotic example of a model with multiple
invariances, one can consider ‘‘spinning’’ special relativity
in which the deformed symmetry differs for fermions and
bosons. The quadratic action for a fermion would then be
invariant under one transformation, while that for a boson
would have a different invariance. The deformed trans-
formations can also be chosen to depend explicitly on the
representation, so that multiple invariances would be in-
volved in the various pieces of the quadratic action.
Different versions of this idea could be considered. For
instance, ‘‘flavorful’’ and ‘‘colorful’’ special relativities
could be constructed by choosing the deformations to
vary with the particle species, or more specifically with
the representation of the internal symmetry group. In any
case, the full action generically breaks the individual in-
variances, thereby leading to detectable signals. As before,
any subgroup of the deformed transformations that leaves
invariant the full action is associated with unobservable
effects.
V. REFERENCE FRAMES AND ROTATIONS
For comparative purposes, it is useful to adopt a standard
inertial frame in reporting measurements of coefficients for
Lorentz violation. The canonical frame used in the litera-
ture is a Sun-centered celestial equatorial frame [11,34].
Cartesian coordinates in this frame are denoted
ðT; X; Y; ZÞ. The Z axis lies along the rotation axis of the
Earth, while the X-Y plane coincides with the Earth’s
equatorial plane. The X axis is directed from the Earth to
the Sun at the vernal equinox. One advantage of this
conventional choice is that transforming between the
Sun-centered frame and a laboratory frame is compara-
tively simple.
In a typical application, a measurement of coefficients
for Lorentz violation is made in a laboratory frame of
reference. However, the rotation and revolution of the
Earth imply this frame is noninertial, so the coefficients
for Lorentz violation in the laboratory vary with time.
These varying coefficients are related to the constant
ones in the Sun-centered frame by an observer Lorentz
transformation, which predominantly involves rotations. In
this section, we construct the relevant rotation transforma-
tions to an arbitrary laboratory reference frame, including
one based on a rotating turntable. We apply the results to
obtain the transformation of spherical coefficients for
Lorentz violation between the laboratory and Sun-centered
frames. Since the spherical coefficients represent a decom-
position based on angular momentum, their transformation
is comparatively straightforward. Moreover, the spin
weight is unaffected by rotations because helicity com-
mutes with the angular momentum J. The only index that
changes under rotations is therefore the Jz eigenvalue m.
A. Rotation matrices
To construct the rotation transformations, we adopt
Euler angles , , and  that relate two arbitrary
Cartesian frames with coordinates ðx; y; zÞ and ðx0; y0; z0Þ
through the rotation
R ¼ eiJzeiJyeiJz : (129)
This rotation can be visualized by starting with the two
frames coinciding, rotating the second frame by  about
the z axis, then by about the y axis, and finally by about
the z axis again. Acting on coordinates, this combination of
rotations can be shown to be implemented by the matrix
equation
x0
y0
z0
0BB@
1CCA ¼
cos sin 0
 sin cos 0
0 0 1
0BB@
1CCA
cos 0  sin
0 1 0
sin 0 cos
0BB@
1CCA

cos sin 0
 sin cos 0
0 0 1
0BB@
1CCA
x
y
z
0BB@
1CCA: (130)
Note that this result implies that the net rotation can alter-
natively be viewed as a rotation by about z, followed by a
rotation by  about the rotated y axis, and then by a
rotation by  about the rotated z axis.
To determine the rotation rules for spherical harmonics,
consider a spin-weighted function sf expanded in both
coordinate systems:
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sf ¼
X
jm
fjm sYjmðÞ ¼
X
jm
f0jm sYjmð0Þ: (131)
The spherical harmonics are related by
sYjmð0Þ ¼ RsYjmðÞ; (132)
which implies the transformation
fjm ¼
X
m0
DðjÞ
mm0 ð;; Þf0jm0 ;
f0jm ¼
X
m0
DðjÞ
mm0 ð;;Þfjm0 :
(133)
In these expressions, the quantities
DðjÞ
mm0 ð;; Þ ¼
Z
sY


jme
iJzeiJyeiJz sYjm0d
(134)
are the Wigner rotation matrices [70]. It can be shown that
these matrices are independent of s, which is to be ex-
pected because J commutes with the helicity operator.
Consequently, all spherical coefficients are rotated using
the same set of matrices, regardless of their spin weight.
The Wigner matrices are often written in the form
DðjÞ
mm0 ð;; Þ ¼ eimeim
0
dðjÞ
mm0 ðÞ; (135)
where dðjÞ
mm0 ðÞ ¼ DðjÞmm0 ð0; ; 0Þ are called the little Wigner
matrices. The phases in this equation correspond to the two
rotations about the z axis, while dðjÞmm0 accounts for the
rotation about y. Explicitly, the little-matrix elements are
given by
dðjÞ
mm0 ðÞ ¼
X
k
ð1Þkþmþm0

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðjþmÞ!ðjmÞ!ðjþm0Þ!ðjm0Þ!p
ðjm kÞ!ðmm0 þ kÞ!ðjþm0  kÞ!k!


cos

2

2j

tan

2

2kþmm0
; (136)
where the sum is restricted to all k for which the arguments
of the factorials are non-negative.
B. Laboratory frame
We next apply the Wigner matrices to relate the coef-
ficients for Lorentz violation in the laboratory frame to
those in the Sun-centered frame. For this purpose, it is
useful to work with a canonical laboratory frame [11].
Cartesian coordinates in this frame are denoted ðx; y; zÞ.
The z direction is directed towards the zenith, and the x
axis lies at an angle  measured east of south. The cola-
titude of the laboratory is denoted . The orientation of the
laboratory with respect to the Sun-centered coordinates
ðX; Y; ZÞ is determined by the local sidereal time T.
Since the Z axis points towards the celestial north pole
while the X and Y axes lie in the equatorial plane with right
ascension 0 and 90, respectively, it follows that the
laboratory z axis points toward right ascension !T,
where ! ’ 2=ð23 hr 56 minÞ is the Earth’s sidereal
frequency.
With these conventions, the angles , , and !T
represent three Euler angles giving the relevant net rotation
between frames. From the perspective of the Sun-centered
frame, the laboratory frame is obtained by rotating by 
about Z, then by  about Y, and lastly by !T about Z.
The Euler angles relating the Sun-centered frame to the
laboratory frame are therefore
 ¼ !T;  ¼ ;  ¼ : (137)
It follows that the explicit rotation relating the two sets of
coordinates is
x
y
z
0BB@
1CCA ¼
cos sin 0
 sin cos 0
0 0 1
0BB@
1CCA
cos 0  sin
0 1 0
sin 0 cos
0BB@
1CCA

cos!T sin!T 0
 sin!T cos!T 0
0 0 1
0BB@
1CCA
X
Y
Z
0BB@
1CCA: (138)
The spherical coefficients in the laboratory frame can now
be expressed as Sun-frame coefficients through the relation
K labjm ¼
X
m0
DðjÞ
mm0 ð;;!TÞKSunjm0
¼X
m0
eimeim
0!TdðjÞ
mm0 ðÞKSunjm0 ; (139)
where Klabjm and K
Sun
jm represent arbitrary spherical coef-
ficients for Lorentz violation in the laboratory and Sun-
centered frames, respectively.
The result (139) is auspicious. A key signal in many
experiments is the sidereal variation introduced by the
rotation of the Earth. Here, this rotation is expressed in a
simple form involving time-dependent phases eim!T .
Only the colatitude  appears in the little Wigner matrices
dðjÞ
m0mðÞ, which are time independent. Consequently, for
typical applications these time-independent factors need be
calculated only once for a given experiment at fixed .
Some experiments involve turntables rotating about the
vertical axis. This situation can be incorporated into the
above rotation by fixing the laboratory frame with respect
to the turntable. This implies the azimuthal angle acquires
a time dependence of the form ¼ !ttTtt, where!tt is the
turntable rotation frequency and Ttt is measured from a
time when the x axis points south. Again, the time depen-
dence enters through simple phases.
As a simple example, consider the rotations of vector
coefficients in an experiment involving a turntable.
Calculating the Wigner matrices for j ¼ 1, we find that
the rotation between spherical coefficients in the laboratory
and Sun-centered frames is given by
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Klab11
Klab10
Klab1ð1Þ
0B@
1CA ¼ ei!ttTtt 0 00 1 0
0 0 ei!ttTtt
0@ 1A

cos2 2  1ﬃﬃ2p sin sin2 2
1ﬃﬃ
2
p sin cos  1ﬃﬃ
2
p sin
sin2 2
1ﬃﬃ
2
p sin cos2 2
0BB@
1CCA

ei!T 0 0
0 1 0
0 0 ei!T
0@ 1A KSun11KSun10
KSun1ð1Þ
0B@
1CA
(140)
in matrix form.
In some situations, it may be convenient to define a third
frame that is fixed with respect to the apparatus. The
advantage of this third frame is that it may be chosen to
simplify calculations. For example, a laboratory apparatus
often has a symmetry axis, so adopting a third apparatus
frame with one coordinate axis along the symmetry direc-
tion may be convenient. To incorporate this in the above
formalism, it suffices to identify a suitable apparatus frame
and to determine the corresponding Euler angles relating it
to the laboratory frame. The laboratory-frame and
apparatus-frame spherical coefficients are then related
through Eq. (133). Thus, if the apparatus-frame coordi-
nates ðx0; y0; z0Þ are related to laboratory-frame coordinates
by
x0
y0
z0
0BB@
1CCA ¼
cos sin 0
 sin cos 0
0 0 1
0BB@
1CCA
cos 0  sin
0 1 0
sin 0 cos
0BB@
1CCA

cos sin 0
 sin cos 0
0 0 1
0BB@
1CCA
x
y
z
0BB@
1CCA; (141)
where , ,  are appropriate Euler angles, then the
apparatus-frame spherical coefficients can be written in
terms of the laboratory-frame spherical coefficients
through
K appjm ¼
X
m0
DðjÞ
mm0 ð;;ÞKlabjm0 : (142)
Assuming the orientation of the system is fixed in the
laboratory frame, the Wigner matrices for this rotation
are constant.
As a simple illustration, consider a system with symme-
try axis oriented along the x axis of the laboratory frame. In
this case, it may be beneficial to choose an apparatus frame
having angular-momentum projection axis z0 aligned with
the symmetry axis. This can be achieved by taking x0 ¼
z, y0 ¼ y, and z0 ¼ x. A suitable choice of Euler angles is
then given by  ¼ 0,  ¼ 90, and  ¼ 0.
VI. ASTROPHYSICAL TESTS
In this section, we discuss searches for Lorentz violation
involving observation of radiation from sources at cosmo-
logical distances. Due to the large baselines involved,
searches for birefringent and dispersive effects can in
principle achieve high sensitivities to almost all the vac-
uum coefficients cðdÞðIÞjm, k
ðdÞ
ðEÞjm, k
ðdÞ
ðBÞjm, and k
ðdÞ
ðVÞjm introduced
in Sec. IVC.
Where relevant, vacuum birefringence provides consid-
erably greater sensitivity than vacuum dispersion, as is
shown below. It is therefore natural to separate the relevant
Lorentz-violating operators into two classes. The first class
is controlled by the vacuum coefficients kðdÞðEÞjm, k
ðdÞ
ðBÞjm,
kðdÞðVÞjm and produces leading-order birefringence. The sec-
ond consists of vacuum operators causing dispersion with-
out leading-order birefringence and is associated with the
coefficients cðdÞðIÞjm for d > 4. Observations of dispersion are
therefore well suited to measurements of cðdÞðIÞjm, while
studies of birefringence are appropriate for measurements
of the remaining coefficients.
We begin in Sec. VIA with a discussion of dispersion
tests. The basic theory and results are summarized, and
new constraints are obtained using recent results. In
Sec. VIB, we consider birefringence tests. A general treat-
ment is first outlined, and then applications to point sources
and to the CMB are presented. We obtain new constraints
from gamma-ray bursts on coefficients of mass dimensions
five, seven, and nine, and we discuss some general features
of the effects of Lorentz violation on the CMB.
A. Dispersion tests
Frequency-dependent photon velocities arise from
Lorentz-violating operators with d  4, which cause
wave dispersion. Astrophysical searches for vacuum dis-
persion seek these differences in the velocity of light at
different wavelengths. Typical searches involve explosive
or pulsed sources of radiation, such as gamma-ray bursts,
pulsars, or blazars, that produce light over a wide range of
wavelengths in a short period of time. Assuming the tem-
poral structure of the emission is sufficiently well under-
stood, observed but unexpected arrival-time differences
can be interpreted as wavelength dependences in the ve-
locity. Even if detailed frequency information is unavail-
able, limits can still be obtained from the pulse width
because dispersion results in a spreading of wave packets.
A number of astrophysical searches for a modified pho-
ton dispersion relation have been performed. Most of these
studies assume isotropic Lorentz violation. To make the
connection between these approaches and the SME, we
momentarily restrict our attention to the vacuum isotropic
model discussed in Sec. IVC, which is the relevant limit
for astrophysical studies of isotropic violations. Recall that
this model has exactly one nonzero spherical coefficient
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for Lorentz violation at each d, consisting of cðdÞðIÞ00 for even
d and kðdÞðVÞ00 for odd d. In the isotropic limit, the velocity
defect arising from Eq. (75) is given by
v ’ 1ﬃﬃﬃﬃﬃﬃ
4
p X
d
Ed4ðcðdÞðIÞ00  kðdÞðVÞ00Þ; (143)
in terms of the photon energy E. The coefficients cðdÞðIÞ00 are
associated with CPT-even operators producing dispersion
but no leading-order birefringence, while nonzero coeffi-
cients kðdÞðVÞ00 imply birefringence and corresponding
changes in polarization. Among the studies involving
modified dispersion relations with isotropic Lorentz viola-
tion, it follows that only those with odd d and birefringence
or even d and no birefringence are consistent with linear
effective field theory in flat spacetime [71].
Isotropic Lorentz-violating effects in modified disper-
sion relations are sometimes described using a velocity
deviation of the form v ¼ 1E, where 1 is a constant
[62,72]. This model is phenomenologically equivalent to
the single SME coefficient kð5ÞðVÞ00 ¼
ﬃﬃﬃﬃﬃﬃ
4
p
1. However, be-
cause this particular combination causes birefringence, its
best constraints currently come from polarimetry observa-
tions, which are discussed in the next subsection. An
isotropic higher-order correction of the form v ¼ 2E2
has also been considered [73]. This case corresponds to the
d ¼ 6 coefficient cð6ÞðIÞ00 ¼ 
ﬃﬃﬃﬃﬃﬃ
4
p
2. Bounds on this term
from the active galaxy Markarian 501 are currently of
order 1021 GeV2 [23], though some evidence for non-
zero dispersion from this source exists [74]. Other cases
that are sometimes considered involve an isotropic non-
birefringent linear defect v ¼ 1E [75] or an isotropic
birefringent defect v ¼ 2E2, where the sign indicates
helicity [76]. Both these cases are inconsistent with the
present general analysis and may be problematic.
In principle, searches for Lorentz violation via disper-
sion are sensitive to all coefficients with d  4. However,
considerably greater sensitivities to coefficients associated
with birefringence are typically accessible via polarimetry.
This can be understood as follows. In a vacuum dispersion
study involving a source at baseline distance L, the quan-
tity of interest is the change t ’ vL in arrival time of the
signal, which implies a sensitivity to v given by t=L. In
contrast, for a polarimetric study of the same astrophysical
source, the quantity of interest is the phase difference  ’
EvL of the eigenmodes, which yields sensitivity =LE.
Comparing these two results, we see that dispersive sensi-
tivity depends on the difference in arrival time, while
polarimetric sensitivity depends on the periodicity / 1=E
of the source radiation. Consequently, to achieve similar
sensitivity, an astrophysical dispersion test requires a time
resolution comparable to the inverse frequency of the
photons, which is infeasible.
We can therefore conclude that astrophysical dispersion
studies are best suited to searches for the nonbirefringent
vacuum coefficients cðdÞðIÞjm. Note, however, that birefrin-
gence also causes a spreading of wave packets, due to the
differences in velocity of the two birefringent eigenmodes.
Moreover, all birefringent operators with d  4 are also
dispersive. A definitive interpretation of an observed
arrival-time difference as a dispersive nonbirefringent ef-
fect associated with the vacuum coefficients cðdÞðIÞjm there-
fore requires a polarimetric study of the signal or
elimination of possible contributions from the other vac-
uum coefficients via independent studies.
Setting all other coefficients to zero, the velocity defect
including anisotropies is given by
v ’ &0 ¼ X
djm
Ed40Yjmðn^ÞcðdÞðIÞjm: (144)
Note that this involves only even-dimensional Lorentz-
violating operators and that the d ¼ 4 case involves no
dispersion. For operators with d > 4, the sensitivities in-
crease with energy and so high-frequency sources can be
expected to yield the sharpest results. Note also that limit-
ing attention to isotropic dispersion disregards a total of
ðd2  2d 2Þ independent types of vacuum Lorentz vio-
lation at each d.
The difference in velocity between photons of different
energies leads to an arrival-time difference given by [23]
t2  t1 
Z z
0
v1  v2
Hz
dz
 ðEd42  Ed41 Þ
Z z
0
ð1þ zÞd4
Hz
dz
X
jm
0Yjmc
ðdÞ
ðIÞjm;
(145)
where the source redshift is z and t1, t2 are the propagation
times for photons with observed energies E1, E2 and
velocities v1, v2. Also,
Hz ¼ H0½rð1þ zÞ4 þmð1þ zÞ3
þkð1þ zÞ2 þ1=2 (146)
is the Hubble expansion rate at z, expressed in terms of the
present-day Hubble constant H0 ’ 71 km s1 Mpc1, ra-
diation density r ’ 0:015, matter density m ’ 0:27,
vacuum density  ’ 0:73, and curvature density k ¼
1r m . In Ref. [23], these expressions are
used to place direction-dependent bounds on combinations
of the coefficients cð6ÞðIÞjm and c
ð8Þ
ðIÞjm, using observations of
GRB 021206 [77] and of the blazar Markarian 501 [74].
These results are summarized in Table XIII.
As an illustration, consider the recent measurements
made by the Fermi Observatory on the source GRB
080916C [78]. This exceptionally energetic source pro-
duced a burst of photons with observed energies ranging
to 13:22þ0:701:54 GeV, all of which arrived within 16.54 s of
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the initial detection of low-energy photons. The high pho-
ton energies and the large redshift of z ¼ 4:35 0:15
make this burst a sensitive probe of Lorentz violation. A
conservative bound on the vacuum coefficients for Lorentz
violation can be obtained using the 2 lower limits for the
energy and redshift. Performing the integral (145) for d ¼
6 and assuming the lower energy is negligible, we find the
constraintX
jm
0Yjmð147; 120Þcð6ÞðIÞjm < 3:2 1020 GeV2 (147)
on a direction-dependent combination of operators for
Lorentz violation of mass dimension d ¼ 6. Taking instead
operators of mass dimension d ¼ 8, we obtain the con-
straintX
jm
0Yjmð147; 120Þcð8ÞðIÞjm < 2:6 1023 GeV4: (148)
Note that these are one-sided bounds that suppose the
higher-energy photons propagate more slowly and that
disregard possible burst-timing structure from the source.
Under the assumption that the observed time difference is
due to Lorentz-violating effects, a careful study of the
leading edge of the high-energy photons might also permit
the derivation of a lower positive bound for each of the
above coefficient combinations.
Another example is provided by the recent data obtained
for the active galaxy PKS 2155-304 by the High Energy
Stereoscopic System (HESS) [79]. This source has redshift
z ¼ 0:116 and a light curve spanning an energy range of a
few TeV, with time delays of a few tens of seconds. The
reported analysis places a constraint of 41 s TeV2 at the
95% confidence level on dispersion effects quadratic in the
energy. Performing the integral (145) as before and iden-
tifying the reported constraint with ðt2  t1Þ=ðE22  E21Þ
implies a conservative bound on a direction-dependent
combination of vacuum coefficients for Lorentz violation
with d ¼ 6. We obtainX
jm
0Yjmð330;30Þcð6ÞðIÞjm
<7:4 1022 GeV2
(149)
at the 95% confidence level. A more complete study of the
existing data from this source could yield additional con-
straints involving operators of mass dimension d  8.
The above analyses demonstrate that a single point
source provides sensitivity to only a limited number of
direction-dependent combinations of coefficients for
Lorentz violation. Multiple sources are needed to access
all coefficients for a given value of d. For example, there
are 25 coefficients cð6ÞðIÞjm and 49 coefficients c
ð8Þ
ðIÞjm, and so
even when birefringence is neglected we see that a corre-
sponding number of sources at different locations on the
sky is required to constrain fully these coefficients and the
corresponding types of Lorentz violation. Data from
gamma-ray bursts and other burst sources obtained by
existing telescopes, including Fermi, HESS, the Major
Atmospheric Gamma-ray Imaging Cherenkov Telescope
(MAGIC) [74], and the Very Energetic Radiation Imaging
Telescope Array System (VERITAS) [80], or by future
TABLE XIII. Constraints on spherical coefficients from astrophysical dispersion studies. The first five rows give constraints on the
vacuum coefficients with d ¼ 6, 8. The next five rows give the constraints on coefficients in the isotropic limit, for which there is
exactly one nonzero coefficient for each d. Except for the limits from GRB 080916C and PKS 2155-304, which are obtained in the
text, all results in the table are taken from the analysis of Ref. [23], which used data from Refs. [74,77]. The bounds shown are at the
95% confidence level.
Model Coefficients Result System
Vacuum jPjm 0Yjmð99:7; 240Þcð6ÞðIÞjmj <1 1016 GeV2 GRB 021206P
jm 0Yjmð50:2; 253Þcð6ÞðIÞjm 3þ12  1022 GeV2 Markarian 501P
jm 0Yjmð147; 120Þcð6ÞðIÞjm <3:2 1020 GeV2 GRB 080916C
jPjm 0Yjmð330;30Þcð6ÞðIÞjmj <7:4 1022 GeV2 PKS 2155-304
jPjm 0Yjmð99:7; 240Þcð8ÞðIÞjmj <3 1013 GeV4 GRB 021206P
jm 0Yjmð147; 120Þcð8ÞðIÞjm <2:6 1023 GeV4 GRB 080916C
Vacuum isotropic jcð6ÞðIÞ00j <4 1016 GeV2 GRB 021206
cð6ÞðIÞ00 10
þ47  1022 GeV2 Markarian 501
cð6ÞðIÞ00 <1:1 1019 GeV2 GRB 080916C
jcð6ÞðIÞ00j <2:6 1021 GeV2 PKS 2155-304
jcð8ÞðIÞ00j <9 1013 GeV4 GRB 021206
cð8ÞðIÞ00 <9:2 1023 GeV4 GRB 080916C
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telescopes such as the Advanced Gamma-ray Imaging
System (AGIS) [81], the Cherenkov Telescope Array
(CTA) [82], and the High Altitude Water Cherenkov
Experiment (HAWC) [83], could be combined to measure
completely the coefficients cðdÞðIÞjm for various fixed values
of d  6.
In contrast, in the limit of rotation invariance we recover
the vacuum isotropic model, which reduces the number of
coefficients to one for each d. This implies that a single
source suffices to place constraints when only one value of
d is considered at a time. For example, in the vacuum
isotropic model a single constraint <1022 GeV2 in any
location on the sky suffices to exclude the suggestion of a
signal for d ¼ 6 Lorentz violation from Markarian 501,
whereas the general SME treatment requires at least 25
independent sources at this constraint level. For the limit-
ing case of the vacuum isotropic model, the above bounds
from Fermi reduce to the one-sided constraints
cð6ÞðIÞ00 < 1:1 1019 GeV2; (150)
and
cð8ÞðIÞ00 < 9:2 1023 GeV4; (151)
while the one from HESS reduces to
jcð6ÞðIÞ00j< 2:6 1021 GeV2: (152)
Both the isotropic and the anisotropic constraints obtained
from GRB 080916C and PKS 2155-304 are also included
in Table XIII.
B. Birefringence tests
In birefringent scenarios, the two eigenmodes propagate
at slightly different velocities. This implies that the super-
position of the modes is altered as light propagates in free
space. Since the two modes differ in polarization, the
change in superposition causes a change in the net polar-
ization of the radiation. This provides a signature of
Lorentz violation. In the present subsection, we outline
the theory of these polarization changes and discuss bire-
fringence tests based on polarimetry using both point
sources and the CMB.
1. Theory
The direction of a Stokes vector s ¼ ðs1; s2; s3ÞT in the
abstract Stokes-parameter space uniquely characterizes the
polarization of the associated plane wave [84]. A Stokes
vector in the s1-s2 plane corresponds to linear polarization,
while a Stokes vector along the s3 axis represents circular
polarization. Other directions represent general elliptical
polarizations.
In this picture, birefringence can be understood as a
rotation of the Stokes vector s ¼ ðs1; s2; s3ÞT about the
birefringence axis & ¼ ð&1; &2; &3ÞT . The birefringence
axis represents the polarization of the eigenmodes and is
determined by the properties of the medium. The total
angle of rotation is equivalent to the change in the relative
phase between the two eigenmodes. With the normaliza-
tion adopted in Eq. (81), we can write this rotation in
differential form:
ds=dt ¼ 2E& s ¼ i 	 s; (153)
where E is the photon energy and jk ¼ 2iEjkl&l rep-
resents the rotation generators.
Some basic features of birefringence in the context of
Lorentz violation can be extracted from this picture [11]. If
CPT is conserved, then & lies in the s1-s2 plane, and so the
birefringent eigenmodes are linearly polarized. Linearly
polarized radiation therefore typically rotates out of the
s1-s2 plane and becomes elliptically polarized. Similarly,
circularly polarized radiation rotates away from the s3 axis,
becomes elliptical, and may eventually rotate through a
linear polarization. In contrast, if CPT is violated, then the
birefringent eigenmodes are circularly polarized with one
being left-handed and the other right-handed. The rotation
axis & is therefore aligned with the s3 axis in this case. As a
result, linear polarizations remain linear, but a change in
the linear-polarization angle occurs. However, circular
polarizations remain circular because they are eigenmodes
of the propagation.
In a typical application, one considers a distant source of
polarized light and integrates the rotation (153) from emis-
sion to detection. This yields changes in polarization that
can depend on both energy and direction of propagation.
To search for birefringence, we can either model the po-
larization at the source and seek discrepancies in the
observed polarization, or we can test for unexpected en-
ergy dependence in the polarization parameters.
Since we are characterizing Lorentz violation using
spin-weighted spherical coefficients, it is convenient to
reformulate the rotation of the Stokes vector in terms of
spin-weighted Stokes parameters. We can decompose the
components of the Stokes vector according to their spin
weight with respect to the line of sight n^. This yields
sð0Þ ¼ s3 as a Stokes parameter of spin weight 0 and
sð2Þ ¼ s1 is2 as two Stokes parameters having spin
weight 2.
In the Stokes basis with s ¼ ðsðþ2Þ; sð0Þ; sð2ÞÞT , the ro-
tation generators are given in matrix form as
 ¼ 2E
&ð0Þ &ðþ2Þ 0
12&ð2Þ 0 12&ðþ2Þ
0 &ð2Þ &ð0Þ
0B@
1CA: (154)
Here, & ¼ ð&ðþ2Þ; &ð0Þ; &ð2ÞÞT is the birefringence axis in
this basis, with components given by
&ð2Þ ¼
X
djm
Ed42Yjmðn^ÞðkðdÞðEÞjm  ikðdÞðBÞjmÞ;
&ð0Þ ¼
X
djm
Ed40Yjmðn^ÞkðdÞðVÞjm:
(155)
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Since the rotation of the Stokes vector is determined by the
combination E&, the effects of birefringence enter with an
energy dependence of Ed3. This implies that an increased
sensitivity to coefficients with d > 3 can be achieved by
using higher-energy photons. We also see that unconven-
tional energy dependence is a signal for Lorentz violation.
Only the d ¼ 3 case leads to energy-independent
birefringence.
For many astrophysical sources, cosmological expan-
sion is significant during the time of flight and must be
incorporated in the analysis. We implement this by ex-
pressing the differential rotation in terms of redshift:
ds ¼ iz 	 sð1þ zÞHz dz; (156)
where z represents the rotation matrix at the blueshifted
energy ð1þ zÞE and source direction n^. To obtain the net
polarization change, we then integrate this expression from
source redshift z to 0.
Some searches for Lorentz violation investigate
Lorentz-violating operators of a specified mass dimension
d. With this assumption, the calculation of the net rotation
is simplified because the energy integral is independent of
the matrix multiplication. In the CPT-odd case with a
single odd value of d, the rotations of the Stokes vector
about the s3 axis lead to a change in the linear-polarization
angle c without affecting the degree of linear or circular
polarization. The rotation is diagonal in the spin-weighted
basis, and we obtain the simple result
sð2Þ ¼ ei2zsð2Þz; sð0Þ ¼ sð0Þz; (157)
relating the present-day polarization to the original polar-
ization at redshift z. Here, the change z in polarization
is given by the integral
z ¼ Ed3
Z z
0
ð1þ zÞd4
Hz
dz
X
jm
0Yjmðn^ÞkðdÞðVÞjm: (158)
The linear-polarization angle c at the present epoch is then
related through
c ¼ c z þ z (159)
to the blueshifted angle c z.
In the CPT-even case with a single even value of d, the
eigenmodes are linearly polarized and the rotation is more
complicated. It is convenient in this case to define the
direction-dependent phase
eiðn^Þ ¼ &ðþ2Þðn^Þj&ðþ2Þðn^Þj ; (160)
which controls the evolution of the polarization. The phase
angle  is twice the polarization angle of the eigenmode of
propagation. Consequently, linear polarizations with angle
c ¼ =2 or c ¼ =2þ 90 remain unaffected as the
radiation propagates. Calculation shows that the redshift
integral can be expressed using this phase and the angle
z ¼ Ed3
Z z
0
ð1þ zÞd4
Hz
dz

X
jm
2Yjmðn^ÞðkðdÞðEÞjm  ikðdÞðBÞjmÞ
: (161)
The net rotation is given by
s ¼ mz 	 sz; (162)
where the Mu¨ller matrix mz takes the form
mz ¼
cos2z i sin2zei sin2ze2i
 i2 sin2zei cos2z i2 sin2zei
sin2ze
2i i sin2ze
i cos2z
264
375
(163)
in the spin-weighted Stokes basis.
2. Point sources
We next use the above theoretical results to obtain
bounds on spherical coefficients from polarimetry of as-
trophysical point sources. Some of the tightest existing
constraints on Lorentz violation have been achieved in
birefringence searches involving high-frequency sources
such as gamma-ray bursts [21,72,76,85]. However, point
sources have the disadvantage that a single line of sight n^ is
involved, which provides sensitivity to only a restricted
portion of the space of coefficients for Lorentz violation.
As with astrophysical dispersion tests, multiple sources are
therefore required to perform a comprehensive search,
even for a fixed value of d. For example, for the case of
d ¼ 3 a multiple-source search involving a large number
of radio galaxies [19] has placed a limit on a quantity p 
2ðkð3ÞAFÞ corresponding to the constraintX
jm
0Yjmk
ð3Þ
ðVÞjm
<6 1043 GeV (164)
at the 95% confidence level in terms of spherical coeffi-
cients. In the isotropic limit, this gives the limit kð3ÞðVÞ00 <
2 1042 GeV, although sharper bounds have recently
emerged from CMB polarimetry as discussed below.
Multiple-source searches for the case of d ¼ 4 have also
been performed [11,20,21,23]. For example, a search using
16 sources [11] places a limit that translates in the present
context to the rotationally invariant constraintﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX
m
ðjkð4ÞðEÞ2mj2 þ jkð4ÞðBÞ2mj2Þ
s
< 5 1032 (165)
at the 95% confidence level. For larger values of d,
multiple-source birefringence analyses offer excellent
prospects for systematic tests of Lorentz violation at ex-
treme sensitivity.
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In this subsection, we illustrate the procedure and obtain
first constraints on some spherical coefficients with larger
d, by analyzing the recent evidence for significant polar-
ized components in the radiation from the gamma-ray
bursts GRB 930131 and GRB 960924 [86]. Observations
of gamma rays associated with these two sources suggest
that they are polarized at levels of 930131 > 35% and
960924 > 50%, respectively. Ideally, if we knew the de-
gree of polarization and polarization angles at the source,
we could search directly for changes due to birefringence.
Without this information, however, we can still place limits
on decoherence effects caused by birefringence. The point
is that significant birefringence would lead to large differ-
ences in observed polarizations at slightly different fre-
quencies, effectively unpolarizing the radiation. Evidence
for polarization can therefore be used to constrain the
frequency-dependent birefringence caused by violations
with dimension d > 3.
Figures 2 and 3 show the calculated effective degrees of
polarization and the changes in the polarization angles for
the above two gamma-ray bursts in scenarios with nonzero
spherical coefficients corresponding to CPT-odd Lorentz-
violating operators of mass dimensions d ¼ 5, 7, 9. In
constructing these plots, we assume the radiation is ini-
tially 100% linearly polarized, which is a maximally con-
servative assumption in the present context. The displayed
results are then obtained by numerically calculating the
change in the effective polarization eff ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃhs1i2 þ hs2i2p
smeared over observed frequencies, following the basic
procedure outlined in Ref. [21]. The shaded regions in
Figs. 2 and 3 show the ranges of coefficient space that
are excluded by the observation of polarization in the
radiation from these sources. Coefficients lying in these
regions would cause depolarization beyond what is ob-
served. The resulting constraints for the vacuum coeffi-
cients and for the limiting case of the vacuum isotropic
model are summarized in Table XIV.
In the CPT-even case, the linear polarization of the
source could in principle coincide with one of the eigen-
modes of propagation. This situation occurs when the
phase angle ðn^Þ is twice the initial polarization angle
c 0, as discussed above. Consequently, the results for any
given point source contain unbounded regions of coeffi-
cient space, and so definitive constraints on the spherical
coefficients cannot be obtained. However, the analysis does
achieve high sensitivities to Lorentz violation in certain
regions of coefficient space. Figures 4 and 5 show the
portions of coefficient space excluded by the observations
of GRB 930131 and GRB 960924 for CPT-even operators
of mass dimensions d ¼ 4, 6, 8 [87]. The shaded areas in
these figures represent disallowed regions. Their shape and
extent demonstrates that part of the coefficient space is
excluded at high sensitivity, while emphasizing the need
for simultaneous analysis of multiple sources to obtain
definitive constraints. The approximate sensitivities to the
vacuum coefficients achieved from the two sources are
summarized in Table XIV.
The above examples show that high-frequency polar-
imetry of gamma-ray bursts has the ability to probe
Lorentz violation at extreme sensitivity. The use of mul-
tiple sources offers the potential to constrain all of the
vacuum coefficients kðdÞðEÞjm, k
ðdÞ
ðBÞjm, and k
ðdÞ
ðVÞjm associated
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FIG. 3. Spectropolarimetry bounds from GRB 960924 on
spherical coefficients corresponding to Lorentz-violating opera-
tors of mass dimensions d ¼ 5, 7, 9. The source direction is
given by the angles n^ ¼ ð87:3; 37:3Þ. The solid curve repre-
sents the effective degree of polarization eff ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃhs1i2 þ hs2i2p .
The effective polarization angle c eff ¼ tan1hs2i=2hs1i in de-
grees is displayed with crosses. The shaded area is the disal-
lowed region with eff < 50%. All coefficients are in units of
GeV4d.
-33 -32 -31
0
1
0
100
-25 -24 -23 -22
0
1
0
100
-17 -16 -15 -14 -13
0
1
0
100
FIG. 2. Spectropolarimetry bounds from GRB 930131 on
spherical coefficients corresponding to Lorentz-violating opera-
tors of mass dimensions d ¼ 5, 7, 9. The source direction is
given by the angles n^ ¼ ð98:2; 182:1Þ. The solid curve repre-
sents the effective degree of polarization eff ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃhs1i2 þ hs2i2p .
The effective polarization angle c eff ¼ tan1hs2i=2hs1i in de-
grees is displayed with crosses. The shaded area is the disal-
lowed region with eff < 35%. All coefficients are in units of
GeV4d.
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with leading-order birefringent Lorentz violation at large
d. In the CPT-odd case, the limits can completely con-
strain the single vacuum isotropic coefficient at each odd d
because the direction of propagation is irrelevant.
The power of this type of analysis is apparent in compar-
ing the sensitivities in Table XIV to those achieved via the
astrophysical dispersion tests discussed in Sec. VIA. For
d ¼ 6, the polarimetry of gamma-ray bursts attains a sen-
sitivity roughly a million times beyond that of the disper-
sion tests involving Markarian 501, despite the million-
fold difference in energy. This confirms the suitability of
dispersion tests to constrain instead only the vacuum co-
efficients cðdÞðIÞjm, which are associated with Lorentz-
violating operators that have no leading-order
birefringence.
3. CMB tests
In principle, an extended source can provide access to all
birefringent Lorentz-violating operators and hence bypass
the major limitation of point sources described above. A
prime example of an extended source is the CMB. Since
the CMB is the oldest observable untainted radiation and
hence represents the longest available baseline, an analysis
TABLE XIV. Constraints on spherical coefficients from polarization observations of the gamma-ray bursts GRB 930131 and GRB
960924. The first three rows give constraints on the vacuum coefficients for the CPT-odd cases with d ¼ 5, 7, 9. The arguments of the
spherical harmonics are n^ ¼ ð98:2; 182:1Þ for GRB 930131 and n^ ¼ ð87:3; 37:3Þ for GRB 960924. The next three rows give the
constraints on coefficients in the isotropic limit, for which there is exactly one nonzero coefficient for each d. The final three rows give
the approximate sensitivities achieved for vacuum coefficients in the CPT-even cases with d ¼ 4, 6, 8. Unlike the constraints in the
first six rows, the results in the final three rows cannot be interpreted as definitive bounds because the amount of birefringence in the
CPT-even case depends on details of the source polarization. All constraints are at the 95% confidence level.
Model Coefficients GRB 930131 GRB 960924
Vacuum jPjm 0Yjmðn^Þkð5ÞðVÞjmj <7 1033 GeV1 <4 1033 GeV1
jPjm 0Yjmðn^Þkð7ÞðVÞjmj <2 1024 GeV3 <5 1025 GeV3
jPjm 0Yjmðn^Þkð9ÞðVÞjmj <6 1016 GeV5 <1 1016 GeV5
Vacuum isotropic jkð5ÞðVÞ00j <2 1032 GeV1 <1 1032 GeV1
jkð7ÞðVÞ00j <7 1024 GeV3 <2 1024 GeV3
jkð9ÞðVÞ00j <2 1015 GeV5 <4 1016 GeV5
Vacuum jPjm 2Yjmðn^Þðkð4ÞðEÞjm þ ikð4ÞðBÞjmÞj & 1037 & 1037
jPjm 2Yjmðn^Þðkð6ÞðEÞjm þ ikð6ÞðBÞjmÞj & 1029 GeV2 & 1029 GeV2
jPjm 2Yjmðn^Þðkð8ÞðEÞjm þ ikð8ÞðBÞjmÞj & 1020 GeV4 & 1020 GeV4
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FIG. 4. Spectropolarimetry bounds from GRB 930131 on
spherical coefficients corresponding to Lorentz-violating opera-
tors of mass dimensions d ¼ 4, 6, 8. The source direction is
given by the angles n^ ¼ ð98:2; 182:1Þ. The shaded area is the
disallowed region with eff < 35%. All coefficients are in units
of GeV4d.
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FIG. 5. Spectropolarimetry bounds from GRB 960924 on
spherical coefficients corresponding to Lorentz-violating opera-
tors of mass dimensions d ¼ 4, 6, 8. The source direction is
given by the angles n^ ¼ ð87:3; 37:3Þ. The shaded area is the
disallowed region with eff < 50%. All coefficients are in units
of GeV4d.
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of CMB polarization might be expected to yield high
sensitivities to Lorentz violation. However, this expecta-
tion may fail for operators at larger d due to the compara-
tively low CMB frequencies. Nonetheless, the CMB does
provide interesting opportunities for lower-dimensional
violations, and, in particular, it is the best available source
for studies of coefficients with d ¼ 3. In this subsection,
we discuss and illustrate some of the unusual features that
can arise in the CMB in the event of significant birefrin-
gence [22,23,88].
The accepted description of the CMB uses a decompo-
sition of the temperature T and the Stokes parameters into
spin-weighted spherical harmonics [59], analogous to the
discussion in Sec. IVC. Typically, power spectra are in-
troduced to characterize the strength of each mode and the
correlations between them, according to
CX1X2j ¼
1
2jþ 1
X
m
hðaðX1Þjm Þ
aðX2Þjm i; (166)
where X1, X2 range over T, E, B, V and where a
ðXÞ
jm are the
coefficients in the spherical-harmonic expansion of X.
While temperature anisotropies have been firmly estab-
lished, the detection of polarization in the CMB by several
experiments [89–92] is of more significance in the present
context.
In the conventional Lorentz-invariant picture, tempera-
ture and density fluctuations at recombination provide the
necessary anisotropies to produce a net polarization [93].
In addition, these processes lead to a correlation between
temperature and the E-parity component of the CMB. The
E component makes up only a tiny fraction of approxi-
mately 106 of the total radiation. Several measurements
of this small degree of polarization have been made. The
B-type polarization is expected to be even smaller and
uncorrelated with temperature. The standard picture pre-
dicts no significant V polarization because Thomson scat-
tering produces only linear polarization.
The presence of Lorentz violation may alter many of the
above properties. It can introduce unexpected types of
polarization, and it can induce mixing between initially
uncorrelated modes during the nearly 14 109 years of
propagation. The associated violations of rotational sym-
metry can also cause mixing across multipoles in j and m,
including for modes of the same polarization type. Here,
we provide a discussion of general features based on a
numerical survey of some Lorentz-violating models exhib-
iting these effects. The calculations parallel those pre-
sented in Refs. [22,23].
Some qualitative features can be determined directly
using the intuition provided by the Stokes rotations de-
scribed in Sec. VIB 1. For example, the vacuum coeffi-
cients kðdÞðVÞjm are associated with CPT-violating operators
and produce local rotations of the Stokes vector about the
s3 axis. This causes a global mixing of the linearly polar-
ized E and B modes. The result can be unconventionally
large B polarization, although no circular V modes can
appear. In contrast, the vacuum coefficients kðdÞðEÞjm and
kðdÞðBÞjm associated with CPT-even operators cause both
mixing between E and B modes and also the emergence
of V modes, since in this case the Stokes vector rotates out
of the s1-s2 plane. Consequently, mixing between the three
types of polarization are possible in this scenario, although
details of the mixing depend strongly on the specifics of the
Lorentz-violating operators involved.
Other key features that may be present for some types of
violations include dependences on the photon frequency
and birefringence varying with the direction of propaga-
tion. Only the d ¼ 3 vacuum coefficients lead to
frequency-independent rotations. Also, only the j ¼ 0 co-
efficients generate direction-independent rotations.
Consequently, the isotropic vacuum coefficient kð3ÞðVÞ00 pro-
vides a particularly simple special case. It causes a
frequency-independent mixing that is uniform across the
sky and that leads to a simple rotation between E and B
modes. Using Eq. (158), we estimate this rotation for CMB
radiation to be
 ’ kð3ÞðVÞ001043 degree=GeV: (167)
Simple frequency-independent rotations of this type have
been considered by several groups [22,23,94–99], and the
existing measurements are listed as part of Table XV.
Figure 6 illustrates the type of mixing that results. We
see that initial E power partially rotates into B power.
Also, the initial TE correlation induces a TB correlation.
Furthermore, since the B polarization is generated from the
original E polarization, these two modes become corre-
lated and so a significant EB component emerges.
Other isotropic rotations from CPT-odd operators of
larger d, such as the one associated with the isotropic
TABLE XV. Constraints on spherical coefficients with d ¼ 3
from CMB studies. The table lists some existing 1- results for
the scalar magnitude jkð3ÞAFj defined in Eq. (168) and for the
isotropic component kð3ÞðVÞ00, all obtained via CMB analyses.
Constraints on these quantities from other sources are compiled
in the data tables of Ref. [6].
Coefficients Result Reference
jkð3ÞAFj ð15 6Þ  1043 GeV [22]
ð10þ48Þ  1043 GeV [23]
kð3ÞðVÞ00 ð6:0 4:0Þ  1043 GeV [94]ð2:5 3:0Þ  1043 GeV [95]
ð12 7Þ  1043 GeV [22]
ð1:2 2:2Þ  1043 GeV [96]
ð2:6 1:9Þ  1043 GeV [97]
<2:5 1043 GeV [98]
ð2:3 5:4Þ  1043 GeV [23]
ð1:4 0:9 0:5Þ  1043 GeV [99]
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vacuum coefficient kð5ÞðVÞ00, lead to similar effects. However,
the frequency dependence introduced by coefficients at
larger d implies that the amount of rotation depends on
the photon frequency. Spectral signatures of this type
should be accessible to observations having sensitivity to
a wide range of frequencies.
Any CPT-odd Lorentz-violating operator with nonzero
j produces direction-dependent rotations. An example is
shown in Fig. 7, where a comparatively large value of the
anisotropic vacuum coefficient kð3ÞðVÞ10 has been chosen to
illustrate the effects. While the local polarization rotations
are similar to those from the presence of a nonzero kð3ÞðVÞ00,
the anisotropies in this case cause the correlations to dis-
appear globally. The effects saturate for large rotations, and
the net result is roughly equal amounts of E and B. The
overall degree of polarization is unaltered, and there is
little correlation between any two modes.
Birefringent operators that areCPT-even are necessarily
both frequency dependent and anisotropic, resulting in
similar behavior to the previous case. However, a distinc-
tive feature of CPT-even violations is the mixing of linear
and circular polarizations. Figure 8 illustrates the genera-
tion of V polarization in the presence of a nonzero vacuum
coefficient kð4ÞðEÞ20. In this case, we find that the anisotropic
mixing causes a depletion of E polarization, which is
rotated into roughly comparable amounts of B and V
polarization. As in the case of nonzero kð3ÞðVÞ10 and indeed
in all cases we have studied involving nonzero coefficients
with j  0, the anisotropic effects tend to deplete correla-
tions when Lorentz violations are large.
Our survey reveals that similar features as those illus-
trated above also recur for other vacuum coefficients for
Lorentz violation that control birefringent operators. We
thereby find that generic signals of Lorentz violation in the
CMB can incorporate one or more of the following basic
features: (a) a depletion in the EE and TE spectra; (b) the
200 400 600 800 1000
0
20
40
200 400 600 800 1000
0
20
40
200 400 600 800 1000
-100
0
100
FIG. 7. Correlation spectra for anisotropic CPT-odd Lorentz
violation. Circles show the effects of Lorentz violation due to a
large value of the spherical coefficient kð3ÞðVÞ10 ¼ 64
1042 GeV, while lines show the Lorentz-invariant case.
Power is transferred from E to B, and a loss of TE correlation
is evident. As expected for CPT-odd Lorentz violation, no
significant V polarization or correlation appears. The coefficients
Cj have units of K
2.
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FIG. 6. Correlation spectra for isotropic CPT-odd Lorentz
violation. Circles show the effects of Lorentz violation due to
the spherical coefficient kð3ÞðVÞ00 ¼ 12 1042 GeV, while lines
show the Lorentz-invariant case. Power is transferred from E to
B, and an EB correlation is generated. Also, the initial TE
correlation induces a TB correlation. As expected for
CPT-odd Lorentz violation, no significant V polarization or
correlation appears. The coefficients Cj have units of K
2.
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introduction of unconventionally large B polarization;
(c) the appearance of TB or EB correlations; (d) the devel-
opment of significant V polarization; and (e) frequency
dependences of the power spectra.
None of these basic features is readily apparent in the
observed data, which suggests that any Lorentz violation in
the CMB must be small. A study of the high-frequency
BOOMERANG data [91] places constraints on several of
the vacuum coefficients with d  6, finding some evidence
for nonzero Lorentz violation [22]. A more recent analysis
of the d ¼ 3 coefficients using the five-year data from the
Wilkinson Microwave Anisotropy Probe [90] finds no
evidence for isotropic violations involving the coefficient
kð3ÞðVÞ00, but uncovers some support for nonzero anisotropic
vacuum coefficients kð3ÞðVÞ1m [23]. This study constrains the
coefficients kð3ÞðVÞjm at the level of 10
43 GeV. For purposes
of reporting constraints, the spherical coefficients with d ¼
3 can conveniently be separated into the isotropic compo-
nent kð3ÞðVÞ00 and the scalar magnitude
jkð3ÞAFj ¼
1ﬃﬃﬃﬃﬃﬃ
4
p ð6jkð3ÞðVÞ11j2 þ 3jkð3ÞðVÞ10j2Þ1=2: (168)
Table XV lists existing constraints on these quantities
obtained from studies of the CMB. Other limits are given
in the data tables of Ref. [6]. Improved sensitivities can be
expected from future CMB data to be obtained by various
experiments and missions including, for example, the
Planck satellite [100], the Q/U Imaging Experiment
(QUIET) [101], the CMBPol mission [102], the E and B
Experiment (EBEX) [103], the Experimental Probe of
Inflationary Cosmology (EPIC) [104], and the Spider bal-
loon observatory [105].
VII. CAVITY EXPERIMENTS
Laboratory experiments provide alternative methods to
search for Lorentz violation in electrodynamics and have
the ability to probe many coefficients inaccessible in as-
trophysical searches. The most common Earth-based tests
are contemporary versions of the classic Michelson-
Morley [1] and Kennedy-Thorndike [2] experiments and
are based on electromagnetic resonant cavities [12–17]. In
this section, we discuss possible laboratory studies of the
effects of Lorentz-violating operators of arbitrary mass
dimension d. We outline a theoretical approach for deter-
mining the resonance frequency of a cavity in the presence
of Lorentz violation. The approach is illustrated by apply-
ing it in the context of the camouflage model, for which the
Lorentz violation has no leading-order birefringent or dis-
persive effects in astrophysical photon propagation. As a
specific example of the techniques, we derive an explicit
result for the fractional frequency shift of the TM010 mode
in a cylindrical cavity with circular cross section, including
the time dependence induced in the signal by the rotation
of the Earth. While we focus specifically on resonant
cavities, many of the ideas discussed here are generic
and can be applied in the context of other laboratory-based
experiments, including space-based missions such as the
Atomic Clock Ensemble in Space (ACES) [106] or the
Space and Time Anisotropy Tests (STAT) combining the
former Space Time Asymmetry Research (STAR) and
OPTIS missions [107].
A. General theory
The strategy behind many laboratory tests of Lorentz
invariance is a search for minute variations in some ob-
servable with changes in the orientation or velocity of the
apparatus. For cavity experiments, a suitable observable is
typically the fractional frequency shift = induced by
the Lorentz violation [11]. At leading order in coefficients
for Lorentz violation, the fractional frequency shift takes
the generic form = ¼ PjmMjmKjm, whereMjm is an
experiment-dependent matrix factor and Kjm represents
the relevant spherical coefficients for Lorentz violation
discussed in Sec. III.
Normally the experiment-dependent matrix factors are
determined in a cavity frame that is fixed with respect to
the system in question. In this frame, the matrices are
denotedMcavjm and are constant. However, since this frame
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FIG. 8. Correlation spectra for anisotropic CPT-even Lorentz
violation at photon frequency ! ¼ 380 GHz. Circles show the
effects of Lorentz violation due to a large value of the spherical
coefficient kð4ÞðEÞ20 ¼ 16 1029, while lines show the Lorentz-
invariant case. Power is transferred from E to B and V, while no
significant correlations appear. The coefficients Cj have units of
K2.
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is noninertial, the cavity-frame coefficients Kcavjm for
Lorentz violation vary with changes in the orientation
and velocity of the apparatus with respect to the standard
Sun-centered frame. In practice, boost effects are sup-
pressed by one or more powers of the typically small
velocities 104 involved, so for simplicity in what fol-
lows we neglect boost effects and focus on violations of
rotation invariance.
The rotations relating spherical coefficients in the cavity,
laboratory, and Sun-centered frames are given in
Eqs. (139) and (142). Since the rotation between the cavity
frame and the laboratory frame is often constant, it is
convenient to define laboratory-frame matricesMlabjm via
M labjm ¼
X
m0
Mcav
jm0D
ðjÞ
m0mð;;Þ: (169)
In terms of these and the spherical coefficients in the Sun-
centered frame, the fractional frequency shift takes the
form


¼ X
jmm0
Mlabjme
imeim
0!TdðjÞ
mm0 ðÞKSunjm0 ; (170)
which explicitly reveals the sidereal dependence. For ex-
periments involving turntables, where the cavity and labo-
ratory frames rotate relative to each other, the variations
resulting from the turntable rotation are incorporated
through the phase  ¼ !ttTtt.
Manipulation of the modified Maxwell equations (16)
leads to a perturbative estimate for the fractional frequency
shift given by [11]


  1
4hUi
Z
d3xðE
 	 DB
 	 HÞ
¼ 1
8hUi
Z
d3xF
ðGÞ; (171)
where
hUi ¼ 1
4
Z
d3xðE
 	Dþ B
 	HÞ (172)
is the unperturbed energy inside the resonator. This for-
mulation allows for a general linear and lossless medium
inside the cavity in addition to modifications due to
Lorentz violation. The fields E, B, D, and H are under-
stood to be solutions of conventional electrodynamics in
the absence of Lorentz violation, while
D ¼ ^DE 	Eþ ^DB 	Bþ 2k^AF A;
H ¼ ^HE 	Eþ ^HB 	 B 2ðk^AFÞ0Aþ 2k^AFA0
(173)
represent leading-order perturbations to theD andH fields
due to Lorentz violation. The result (171) assumes that the
fields vanish outside the cavity volume V. For simplicity in
what follows, we suppose that the resonant modes under
consideration are nondegenerate. In the case of degenerate
resonances, Eq. (171) yields a weighted average value for
the fractional frequency shift.
To express the fractional frequency shift in terms of the
spherical coefficients introduced in Sec. III, we next con-
vert to momentum space. However, some care is required
to avoid divergences arising from discontinuities at the
boundary of the cavity. This technical issue stems from
the differential nature of the operators k^F and k^AF.
Although the fields are taken to be continuous throughout
the interior volume V of the cavity, they may be discon-
tinuous across the surrounding surface S. As a result, the
fields may not be strictly differentiable over all space, and
the derivatives in Eq. (173) may be associated with
-function behavior on the surface S. The usual reciprocal
nature of position and momentum spaces then leads to
momentum-space representations that fail to vanish suffi-
ciently rapidly at infinite momentum, which introduces
divergences in the integral. This issue is absent in the
minimal SME with d ¼ 3 and d ¼ 4 because no deriva-
tives appear in the constitutive relations for that case, but it
is endemic for Lorentz-violating operators with d  5 and
requires a procedure to eliminate the divergences.
One way to address this technical issue is to define new
everywhere-differentiable fields E and B that are equal to
E and B inside V but that may be nonzero in the region
outside V where the original fields E and B vanish. We
then have two sets of fields, both satisfying the Maxwell
equations inside V. Derivatives of the extended fields E
and B remain finite everywhere, including on the surface S
of the cavity, but E and B need not satisfy the Maxwell
equations outside the cavity. Using both sets of fields, we
can construct a finite version of the fractional frequency
shift (171) by replacing the fields in Eq. (173) with their
extended versions. This procedure removes the divergen-
ces at the cavity boundaries.
Performing a Fourier transform, we obtain a convergent
momentum-space expression for the fractional frequency
shift (171) given by


¼  1
4hUi
Z
d3p

E
 	 ^DE 	E B
 	 ^HB 	B
þE
 	 ^DB 	BB
 	 ^HE 	E
þ 2i
!2
ð!k^AF  pðk^AFÞ0Þ 	 ðE
 EÞ

: (174)
This result is independent of gauge choice, as expected.
Since the fields and their extensions agree inside V, the
cavity energy hUi can be calculated using either of the
forms
hUi ¼ 1
4
Z
d3pðE
 	DþB
 	HÞ
¼ 1
4
Z
d3pðE
 	DþB
 	HÞ: (175)
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Note that both sets of fields are needed in the integral (174)
for this procedure to work. The extended fields control
divergences in momentum space, while the unextended
fields restrict the integration to the volume V of the cavity
in position space.
The general procedure for determining the effects of
Lorentz violation on the resonant frequency of a given
cavity then involves the following steps. First, obtain the
fields E, B, D, H in the cavity in the context of conven-
tional electrodynamics, incorporating in the usual way any
permittivity and permeability of the media involved. Next,
construct extensions of the fields that are everywhere
smooth beyond the cavity volume. Perform the Fourier
transform to derive the corresponding momentum-space
fields. Then, using the spherical-harmonic expansions of
k^AF and the ^ matrices described in Sec. III, calculate the
cavity-frame matricesMcavjm from Eq. (174). Finally, com-
bine the results using Eq. (170) to extract the desired
fractional frequency shift = displaying the explicit
sidereal time dependences.
B. Example: camouflage model
A general analysis of cavity experiments incorporating
all spherical coefficients for Lorentz violation is challeng-
ing due to the large variety of effects. Moreover, although
terrestrial tests can provide valuable independent and fully
controlled checks on vacuum birefringence and dispersion,
the high sensitivities attainable in astrophysical searches
for birefringence and dispersion make it reasonable to
neglect effects from vacuum coefficients in the context of
resonator experiments. Laboratory searches using cavities
are therefore well suited to study the vacuum-orthogonal
coefficients for Lorentz violation, which play no role in the
vacuum propagation of light.
In this subsection, we illustrate the treatment of the
spherical coefficients in the derivation of the cavity-frame
matrices Mcavjm . For simplicity, we focus primarily on
Lorentz-violating operators that produce no leading-order
birefringence or vacuum dispersion. For d ¼ 4, this class
of operators includes ones corresponding to the coeffi-
cients cð4ÞðIÞjm that have already been widely studied in cavity
experiments [12–17]. For general d, it corresponds to the
special subset of the coefficients ðcðdÞF Þð0EÞnjm formed by the
camouflage coefficients ðc:ðdÞF Þð0EÞnjm introduced in Sec. IVD.
We begin by considering a scenario involving the coef-
ficients ðcðdÞF Þð0EÞnjm controlling nonbirefringent effects. We
seek an expression for the fractional frequency shift of
the form


¼ X
dnjm
MðdÞðcFÞnjmðc
ðdÞ
F Þð0EÞnjm : (176)
To find the matrices MðdÞðcFÞnjm, note that the fractional
frequency shift in the nonbirefringent case may be written
as


¼ 1
4hUi
Z
d3pF
Fðc^FÞ
¼ 1
4hUi
Z
d3pF
F@@^F; (177)
where ^F is given by Eq. (60) and the derivatives act in
momentum space, @ ¼ @=@p. Separating explicitly the
temporal and spatial components gives


¼ 1
4hUi
Z
d3p

E
 	E @
2
@!2
þ ðB
 EE
  BÞara @@!
þ 1
2
ððE
ÞðaEbÞ þ ðB
ÞðaBbÞ  2gabB
 	 BÞrarb

^F:
(178)
Inserting the spherical-harmonic expansion (60) of ^F and
using the identities in Appendix A 2, we can determine the
contribution to the fractional frequency shift from each
coefficient ðcðdÞF Þð0EÞnjm and hence identify the matrices
MðdÞðcFÞnjm.
To obtain an explicit integral expression for the matrices
MðdÞðcFÞnjm, we can eliminate the magnetic fields using the
momentum-space Faraday law !B ¼ pE. This deter-
mines the matricesMðdÞðcFÞnjm as integrals over the fields E
and E. In terms of the coordinate basis described in
Appendix A 2, there are six field combinations contribut-
ing to the integrals. They can be specified as
s0 ¼ ðEþÞ
Eþ þ ðEÞ
E; sð2Þ ¼ 2ðEÞ
E;
~sð1Þ ¼ E
rE þ ðEÞ
Er; ~sð0Þ ¼ ðErÞ
Er; (179)
where
E ¼ 1ﬃﬃ2p ðE  iEÞ: (180)
The combinations s0 and sð2Þ represent smoothed versions
of the usual Stokes parameters s0 and sð2Þ. The combina-
tions ~sð1Þ and ~sð0Þ are helicity-ð1Þ and helicity-0 combi-
nations, which provide two new transverse Stokes
parameters vanishing when Er ¼ Er ¼ 0. In terms of these
quantities, the explicit integral expression for the matrices
MðdÞðcFÞnjm is
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MðdÞðcFÞnjm ¼
!d4n
4hUi
Z
d3ppn2

1
4
ð!2  p2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðjþ 2Þ!
ðj 2Þ!
s
ðþ2Yjmðp^Þsðþ2ÞðpÞ þ 2Yjmðp^Þsð2ÞðpÞÞ
 ððn 1Þ!2 þ ðd 2 nÞp2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jðjþ 1Þ
2
s
ðþ1Yjmðp^Þ~sðþ1ÞðpÞ  1Yjmðp^Þ~sð1ÞðpÞÞ
þ

n jðjþ 1Þ
2

ð!2  p2Þ  ðd 2 nÞðd 3 3nÞp2  nðn 1Þp2

0Yjmðp^Þs0ðpÞ
þ ðnðn 1Þ!2  ðd 2 nÞðd 3 nÞp2Þ0Yjmðp^Þ~sð0ÞðpÞ

; (181)
where ! is the usual resonant angular frequency.
The result (181) applies both to empty cavities and to
ones containing a material medium, provided the medium
is lossless. The form of the integral reveals that the sensi-
tivity to Lorentz violation depends both on the shape of the
cavity and on the properties of any material medium it
contains. This means that different geometries or media
can be adopted to access different combinations of coef-
ficients for Lorentz violation. For example, parity-breaking
resonators may be used to access parity-odd Lorentz vio-
lations that cannot be detected at unsuppressed levels using
parity-symmetric systems [108]. The properties of the
resonator enter implicitly through the conventional fields
E, which are determined by solving the conventional
Maxwell equations inside the cavity in the presence of
the medium, if any. We emphasize that the frequency !
is fixed for a given mode, but any momentum p can
contribute to the integral and hence to the matrices
MðdÞðcFÞnjm.
Next, we focus attention specifically on the combina-
tions of the coefficients ðcðdÞF Þð0EÞnjm that govern nondispersive
effects. For d ¼ 4, the ðcð4ÞF Þð0EÞnjm coefficients correspond
directly to the vacuum coefficients cð4ÞðIÞjm, as described in
Sec. IVA. The matricesMð4ÞðIÞjm can therefore be expressed
in terms of the matricesMð4ÞðcFÞnjm. We find
M ð4ÞðIÞ00 ¼ 34Mð4ÞðcFÞ000 þ 14M
ð4Þ
ðcFÞ000;
Mð4ÞðIÞ1m ¼ 2Mð4ÞðcFÞ11m; M
ð4Þ
ðIÞ2m ¼Mð4ÞðcFÞ22m:
(182)
For d > 4, the relevant matrices are associated with the
camouflage coefficients ðc:ðdÞF Þð0EÞnjm instead. Using the rela-
tion (90), we find
M ðdÞðc:FÞnjm
¼MðdÞðcFÞnjm M
ðdÞ
ðcFÞðnþ2Þjm: (183)
With these results and Eq. (181), the sensitivity of any
given cavity to camouflage operators for Lorentz violation
can be determined.
Typically, the above analysis is performed in the cavity
frame, although many of the equations hold for an arbitrary
inertial frame. Given the results for the cavity-frame ma-
trices M, the corresponding expressions for the
laboratory-frame matrices follow from Eq. (169) and
from the orientation of the cavity in the laboratory.
Applying Eq. (170), we finally obtain the fractional fre-
quency shift


¼ X
dnjmm0
MðdÞlabðc:FÞnjm
eimeim
0!TdðjÞ
mm0 ðÞðc
:ðdÞ
F Þð0EÞnjm0
þ X
jmm0
Mð4ÞlabðIÞjme
imeim
0!TdðjÞmm0 ðÞcð4ÞðIÞjm0
(184)
which exhibits the variation with sidereal time.
C. Example: circular-cylindrical cavity
As an explicit illustration, we calculate in this subsection
a number of elements of the matrixM for the TM010 mode
of a cylindrical cavity with circular cross section. The
cavity is centered at the origin of a cavity frame, with the
z0 direction aligned with the symmetry axis. For definite-
ness, let R be the cavity radius and 2R be its length, so that
its ends lie at z0 ¼ R. Here, we consider the case of a
vacuum cavity for simplicity. The solutions for the TM010
mode in the absence of Lorentz violation are given by
E ¼

J0ð0x01=RÞ^0 inside V;
0 outside V;
(185)
where x01 is the first zero of the Bessel function J0, and
where ^0 represents the radial unit vector.
The electric field E is discontinuous at the ends of the
cavity, and its derivatives are discontinuous at the sides
0 ¼ R. We therefore must seek a differentiable extension
E of the electric field of the type described in Sec. VII A.
This is relatively straightforward to find in the present case
because we have an analytic solution that could be ex-
tended to infinity. However, for the purposes of numerical
calculation it is beneficial to construct instead a fieldE that
vanishes outside a larger volume V0 containing the cavity
volume V. With a field of this type, the Fourier transforms
can be accurately determined by numerical integration
over only a finite region V0 of space.
An extension suitable for numerical work can be con-
structed with the aid of the Cq smoothing function
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gqðx;a; bÞ, defined by gqðx; a; bÞ  0 for x < a < b or
b < a < x, gqðx; a; bÞ  1 for a < b< x or x < b < a,
and
gqðx;a; bÞ ¼ ð2qþ 1Þ!ðb aÞ2qþ1
Xq
n¼0
ðx aÞqþ1þnðb xÞqn
ðqþ 1þ nÞ!ðqþ nÞ!
(186)
otherwise. This function continuously interpolates from 0
at x ¼ a to 1 at x ¼ b, is constant outside that interval, and
is q-times differentiable everywhere. Note that C1 func-
tions of this type also exist, but for numerical calculations
the above polynomial is easier to handle and suffices for
our purposes.
Using this smoothing function, we can define an ex-
tended electric field by
E ¼ gqð0; 2R; RÞgqðz0; 2R;RÞgqðz0;2R;RÞ
 J0ð0x01=RÞ^0: (187)
Taking the integration volume V0 as a cube of side length
4R, we see that the extended field E matches E inside
cavity volume V, vanishes outside V 0, and is q-times differ-
entiable. The value of q that is required to ensure the
finiteness of the integrals depends on the mass dimension
d of the Lorentz-violating operators being considered. For
a given dimension d, the matrices ^DE, ^HB, and ^DB
involve d 4 derivatives. Use of the Faraday law to elimi-
nate the magnetic field B introduces another derivative.
Consequently, the extended field E must be at least Cd3,
so choosing q > d 4 should be sufficient.
The next step involves obtaining the Fourier transforms
of the field components Ex0 , Ey0 , Ez0 , Ex0 , Ey0 , Ez0 . We
implement these via fast Fourier transform over an
N  N  N grid in the volume V0. We use the transformed
fields to determine the momentum-space Stokes parame-
ters from Eq. (179), and we then perform numerical inte-
gration to evaluate the integral (181) and obtain values for
MðdÞcavðcFÞnjm. Lastly, we use Eqs. (182) and (183) to determine
the components of interest for the matrices Mð4ÞcavðIÞjm and
MðdÞcavðc:FÞnjm
. As expected, the results converge to stable
q-independent values for largeN, provided q is sufficiently
large. Table XVI summarizes the results obtained through
this procedure for d ¼ 4, 6, 8. Note that the symmetry of
the mode implies no contribution from parity-breaking
coefficients with odd j or from coefficients with m  0,
a result that is recovered numerically.
Cavity experiments searching for Lorentz violation typi-
cally compare two identical cavities with different orien-
tations. In the present example, the cavity-frame matrices
M are then identical for the two cavities. However, their
differing orientation implies their laboratory-frame values
would differ. This leads to the slight frequency difference
that constitutes the signal for Lorentz violation.
VIII. SUMMARYAND DISCUSSION
In this paper, we derive and study gauge-invariant
Lorentz- and CPT-violating terms associated with the
effective photon propagator in the Lagrange density of
the SME, allowing for operators of arbitrary mass dimen-
sion d. We begin by showing that Lorentz violation at mass
dimension d is characterized by a set of ðdþ 1Þðd 1Þ
ðd 2Þ=2 independent coefficients for the CPT-odd case
and another set of ðdþ 1Þdðd 3Þ independent coeffi-
cients for the CPT-even case. The compact Lagrange
density (8) incorporates these effects for all d. It includes
and extends the pure-photon sector of the minimal SME
[7,11].
The Lagrange density (8) implies the equations of mo-
tion (11) for the photon field. An interpretation of these
equations is elaborated in terms of electrodynamics in
macroscopic media via the introduction of the operator
constitutive tensors (14). We derive the covariant scalar
dispersion relation (30), which must be satisfied by non-
trivial plane-wave solutions. For the CPT-even violations,
we extend the widely used  matrices [11] of the minimal
SME to general ^ operators (32) that are relevant for
studies at arbitrary d.
The unconventional properties of the Lorentz-violating
eigenmodes can be characterized in terms of birefringence,
dispersion, and anisotropy. All CPT-odd operators lead to
birefringence. We study the conditions for leading-order
birefringence fromCPT-even operators via aWeyl decom-
position of the constitutive tensor. For this case, we con-
jecture that nonbirefringent terms are uniquely associated
with the non-Weyl part of the constitutive tensor when the
decomposition is expressed in terms of a suitable effective
TABLE XVI. Nonzero matrix elementsMð4ÞcavðIÞjm andM
ðdÞcav
ðc:FÞnjm
for the fundamental mode of a circular cylindrical cavity. Values
for the cases d ¼ 4, 6, 8 are displayed. The units are R4d, where
R is the radius and half the length of the cavity.
j m Mð4ÞcavðIÞjm
0 0 0:28
2 0 0.32
n j m Mð6Þcavðc:FÞnjm
0 0 0 13
2 0 0 13
2 2 0 12
n j m Mð8Þcavðc:FÞnjm
0 0 0 150
2 2 0 26
4 0 0 150
4 2 0 170
4 4 0 56
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metric. For arbitrary Lorentz violation, we introduce a
duality symmetry determined by the effective metric and
argue that birefringence is a consequence of the breaking
of this symmetry.
In Sec. III, we obtain a complete classification of the
coefficients for Lorentz violation at arbitrary d, using an
SO(3) decomposition in terms of spin-weighted spherical
harmonics. A review of the spin-weighted spherical har-
monics and derivations of some useful mathematical re-
sults are provided in the appendix, along with a discussion
of the relationships to angular momentum, helicity, and
parity. The SO(3) decomposition reveals a total of nine
independent sets of spherical coefficients for Lorentz vio-
lation that control birefringence, dispersion, and anisot-
ropy in the photon propagator. Table XVII lists these
spherical coefficients and displays the ranges of their
indices and their counting. The labels and indices on a
given spherical coefficient identify the key properties of
the corresponding Lorentz-violating operator, and their
interpretation is summarized in the paragraph containing
Eq. (45). More detailed properties of these nine sets are
compiled in Tables I, III, IV, and V.
Table XVII reveals the existence of several classes of
operators that are absent in the minimal SME, which is
restricted to d ¼ 3 and d ¼ 4. The CPT-odd case at d ¼ 3
involves two sets containing four independent spherical
coefficients, while the CPT-even case at d ¼ 4 involves
three sets with 20 coefficients, one of which is an unob-
servable constant. However, the CPT-odd case at d ¼ 5
has 35 coefficients distributed among three sets rather than
two. The additional set ðk:ð5ÞAFÞð1EÞnjm controls E-parity
CPT-odd effects, which are absent in the minimal SME.
Similarly, the CPT-even case at d ¼ 6 has 126 coefficients
distributed among six sets rather than three. The additional
sets ðk:ð6ÞF Þð1EÞnjm , ðk
:ð6Þ
F Þð2EÞnjm , ðk
:ð6Þ
F Þð2BÞnjm govern E-parity spin-one
operators and also spin-two operators with both E- and
B-type parities, all associated with qualitatively new
effects.
For applications to observation and experiment, it is
valuable to define various limiting cases of the general
theory. Section IV presents several of these limits, while
Table XVIII summarizes their specific content in terms of
spherical coefficients for Lorentz violation. The most
widely studied limit to date is the minimal SME, which
involves a total of 23 independent nontrivial spherical
coefficients. The explicit connections between the spheri-
cal coefficients and the usual Cartesian coefficients for the
minimal SME is provided via Tables VI, VII, and VIII.
Another useful limit involves the specification of a
preferred frame in which all Lorentz violation is isotropic.
The corresponding isotropic or fried-chicken models are
discussed in Sec. IVB. The isotropic requirement elimi-
nates all but three sets of spherical coefficients and reduces
the growth of coefficient numbers to be linear instead of
cubic at large d. For CPT-odd isotropic operators with d ¼
3; 5; 7 . . . there are only 1; 2; 3 . . . types of Lorentz viola-
tion, all of which are birefringent. Similarly, for CPT-even
isotropic operators with d ¼ 4; 6; 8 . . . only 2; 4; 6 . . . co-
efficients arise, of which 0; 1; 2 . . . are associated with
leading-order birefringence. Note that isotropic
CPT-even birefringence is a physical feature only for d 
6.
A third useful limiting subset of the general theory is
obtained by restricting attention to Lorentz-violating op-
erators that are nonbirefringent and also are nondispersive
in the vacuum at leading order. Section IVD constructs the
corresponding camouflage models. These models involve
effects that are challenging to detect in astrophysical stud-
TABLE XVII. Summary of spherical coefficients for Lorentz-violating operators of arbitrary mass dimension. The first column
specifies the CPT property and the total number of independent operators at each d. The corresponding spherical coefficient sets are
listed in the second column. The remainder of the table provides the allowed ranges for the indices d, n, j and the number of
independent components for each coefficient set.
Coefficient d n j Number
CPT even, d even ðcðdÞF Þð0EÞnjm  4 0; 1; . . . ; d 2 n, n 2, n 4 . . . ; 0 ðdþ1Þdðd1Þ6
ðdþ 1Þdðd 3Þ ðkðdÞF Þð0EÞnjm  4 0; 1; . . . ; d 4 2 for n ¼ 0, d3d306
nþ 2, n, n 2 . . . ; 0 for n  0
ðk:ðdÞF Þð1EÞnjm  6 1; 2; . . . ; d 4 nþ 1, n 1, n 3 . . . ; 1 ðd4Þðd
2þdþ3Þ
6
ðk:ðdÞF Þð2EÞnjm  6 2; 3; . . . ; d 4 n, n 2, n 4 . . . ; 2 ðd4Þðd
22d9Þ
6
ðkðdÞF Þð1BÞnjm  4 0; 1; . . . ; d 4 nþ 2, n, n 1 . . . ; 1 d34d186
ðk:ðdÞF Þð2BÞnjm  6 1; 2; . . . ; d 4 nþ 1, n 1, n 3 . . . ; 2 ðdþ3Þðd2Þðd4Þ6
CPT odd, d odd ðkðdÞAFÞð0BÞnjm  3 0; 1; . . . ; d 3 n, n 2, n 4 . . . ; 0 dðd1Þðd2Þ6
ðdþ1Þðd1Þðd2Þ
2 ðkðdÞAFÞð1BÞnjm  3 0; 1; . . . ; d 3 nþ 1, n 1, n 3 . . . ; 1 ðd1Þðd
2þd3Þ
6
ðk:ðdÞAFÞð1EÞnjm  5 1; 2; . . . ; d 3 n, n 2, n 4 . . . ; 1 ðdþ1Þðd1Þðd3Þ6
V. ALAN KOSTELECKY´ AND MATTHEW MEWES PHYSICAL REVIEW D 80, 015020 (2009)
015020-48
ies of birefringence and dispersion. They are described by
the single subset of coefficients ðc:ðdÞF Þð0EÞnjm appearing at even
d and hence associated with CPT-even Lorentz violation.
Table IX summarizes some properties of these coefficients.
For d ¼ 4 only a Lorentz-invariant trace appears, so for
most purposes it suffices to take d > 4. The camouflage
coefficients then govern effects outside the minimal SME.
For operators of larger mass dimension d ¼ 6; 8; 10 . . .
there are 10; 35; 84 . . . independent effects, with the num-
ber of independent coefficients growing rapidly as the cube
of d for large d. Also, for d ¼ 4; 6; 8 . . . there are 1; 2; 3 . . .
isotropic camouflage coefficients, which therefore also
belong to the general isotropic model.
The extreme sensitivities to Lorentz violation available
via studies of birefringence and dispersion of astrophysical
sources provides motivation for a further refinement in the
classification of spherical coefficients, based on separating
those coefficients that affect the propagation of light in the
vacuum from all others. We refer to the former as vacuum
coefficients and to the complement as vacuum-orthogonal
coefficients, and we identify the latter by a negation dia-
critic :. This classification is summarized in Table XVIII.
The vacuum-orthogonal coefficients appear only for d 
5, so they represent qualitatively new effects that are absent
in the minimal SME. Moreover, the numbers of vacuum
and vacuum-orthogonal coefficients grow as d2 and d3 for
large d, respectively, so the vacuum-orthogonal coeffi-
cients represent most of the coefficient space for large d.
For example, the vacuum coefficients govern all the physi-
cal effects in the minimal SME for which d ¼ 3 and d ¼ 4,
but for d ¼ 5 they span only 16 of the 36 possibilities and
for d ¼ 6 only 67 of 126.
The vacuum coefficients are constructed in Sec. IVC. At
leading order, they are identified by requiring that the
radiation fields are plane waves. This restricts attention to
four sets of coefficients cðdÞðIÞjm, k
ðdÞ
ðEÞjm, k
ðdÞ
ðBÞjm, k
ðdÞ
ðVÞjm. The
coefficients cðdÞðIÞjm are associated with CPT-even Lorentz
violation that is nonbirefringent at leading order but dis-
persive for d > 4. The coefficients kðdÞðEÞjm and k
ðdÞ
ðBÞjm control
TABLE XVIII. Summary of limiting cases. The first column specifies the limit, while the corresponding spherical coefficient sets are
listed in the second column. The remainder of the table provides the allowed ranges for the indices d, n, j and the number of
independent components for each coefficient set.
Limit Coeff. d n j Number
vacuum cðdÞðIÞjm even,  4 0; 1; . . . ; d 2 ðd 1Þ2
kðdÞðEÞjm even,  4 2; 3; . . . ; d 2 ðd 1Þ2  4
kðdÞðBÞjm even,  4 2; 3; . . . ; d 2 ðd 1Þ2  4
kðdÞðVÞjm odd,  3 0; 1; . . . ; d 2 ðd 1Þ2
vacuum orthogonal ðc:ðdÞF Þð0EÞnjm even,  4 0; 1; . . . ; d 4 n, n 2, n 4 . . . ; 0 ðd1Þðd2Þðd3Þ6
ðk: ðdÞF Þð0EÞnjm even,  6 1; 2; . . . ; d 4 n, n 2, n 4 . . . ; 0 ðd1Þðd2Þðd3Þ6  1
ðk: ðdÞF Þð1EÞnjm even,  6 1; 2; . . . ; d 4 nþ 1, n 1, n 3 . . . ; 1 ðd4Þðd
2þdþ3Þ
6
ðk:ðdÞF Þð2EÞnjm even,  6 2; 3; . . . ; d 4 n, n 2, n 4 . . . ; 2 ðd4Þðd
22d9Þ
6
ðk:ðdÞF Þð1BÞnjm even,  6 1; 2; . . . ; d 4 n, n 2, n 4 . . . ; 1 dðd2Þðd4Þ6
ðk:ðdÞF Þð2BÞnjm even,  6 1; 2; . . . ; d 4 nþ 1, n 1, n 3 . . . ; 2 ðdþ3Þðd2Þðd4Þ6
ðk: ðdÞAFÞð0BÞnjm odd,  5 0; 1; . . . ; d 4 n, n 2, n 4 . . . ; 0 ðd1Þðd2Þðd3Þ6
ðk:ðdÞAFÞð1BÞnjm odd,  5 0; 1; . . . ; d 4 nþ 1, n 1, n 3 . . . ; 1 ðdþ1Þðd1Þðd3Þ6
ðk:ðdÞAFÞð1EÞnjm odd,  5 1; 2; . . . ; d 3 n, n 2, n 4 . . . ; 1 ðdþ1Þðd1Þðd3Þ6
camouflage ðc:ðdÞF Þð0EÞnjm even,  4 0; 1; . . . ; d 4 n, n 2, n 4 . . . ; 0 ðd1Þðd2Þðd3Þ6
isotropic ðcðdÞF Þn even,  4 0; 2; . . . ; d 2 0 d=2
ðkðdÞF Þn even,  4 2; 4; . . . ; d 4 0 ðd 4Þ=2
ðkðdÞAFÞn odd,  3 0; 2; . . . ; d 3 0 ðd 1Þ=2
minimal SME cð4ÞðIÞjm 4 0, 1, 2 9
kð4ÞðEÞjm 4 2 5
kð4ÞðBÞjm 4 2 5
kð3ÞðVÞjm 3 0, 1 4
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CPT-even birefringent effects that are also dispersive for
d > 4. Only kðdÞðVÞjm is associated with CPT-odd effects,
which are also birefringent and dispersive. For any given
d, the numbers of each type of vacuum coefficients are
roughly the same. For example, at d ¼ 6 there are 25
coefficients in cð6ÞðIÞjm and 21 each in k
ð6Þ
ðEÞjm and k
ð6Þ
ðBÞjm.
The vacuum-orthogonal models are introduced in
Sec. IVE. There are nine sets of vacuum-orthogonal co-
efficients, of which four are identical to and five are
reduced subsets of the nine sets in the general analysis.
One of the latter consists of the camouflage coefficients.
Some properties of the remainder are provided in Tables X,
XI, and XII. Except for a single constant scale factor in
d ¼ 4, the vacuum-orthogonal coefficients appear only for
d > 4. They govern Lorentz-violating operators that pro-
duce no leading-order birefringence or dispersion in vac-
uum propagation, although birefringent or dispersive
effects can appear in other physical contexts. For example,
all 20 vacuum-orthogonal coefficients for d ¼ 5 and 49 of
the 59 for d ¼ 6 are associated with birefringent and
dispersive effects in suitable circumstances. The remaining
10 for d ¼ 6 are camouflage coefficients, which govern
nonbirefringent effects.
The remainder of the paper is concerned with applica-
tions of the theory to observation and experiment. Results
of measurements are conventionally reported in the ca-
nonical Sun-centered frame, so for some applications it is
necessary to perform transformations relating spherical
coefficients in the Sun-centered frame to a laboratory or
other frame. These transformations are provided explicitly
in Sec. V for the case where the boost component is
negligible.
Section VI describes some applications in the astrophys-
ical context. We focus on astrophysical studies of vacuum
birefringence and dispersion. Birefringence studies offer
extreme sensitivity to many vacuum coefficients, while
dispersion tests access the remainder at lesser but nonethe-
less impressive sensitivities. Dispersion constraints are
discussed in Sec. VIA. We obtain expressions applicable
to both isotropic and anisotropic dispersion, and we use the
recent measurements of GRB 080916C made by the Fermi
Observatory to obtain new constraints on Lorentz violation
involving operators of mass dimension six and eight. A
summary of existing constraints from astrophysical disper-
sion tests is provided in Table XIII.
Birefringence constraints are considered in Sec. VIB.
The general theory is outlined, and the net rotation induced
by arbitrary spherical coefficients is described quantita-
tively in terms of Stokes parameters. We use polarimetric
data from the gamma-ray bursts GRB 930131 and GRB
960924 to set tight constraints on spherical coefficients
associated with Lorentz-violating operators of mass di-
mensions four through nine. A summary of current limits
from GRB polarimetry is provided in Table XIV. We also
consider constraints obtained from polarimetric studies of
the CMB. The maximal photon-propagation distances and
the photon frequencies make the CMB particularly well
suited for measurements of spherical coefficients with d ¼
3. A survey is performed to categorize the mixing of
polarizations in the CMB induced by Lorentz violation.
Table XV compiles some existing limits from the CMB on
both isotropic and anisotropic Lorentz violation.
Section VII discusses applications in the laboratory
context, focusing on the use of resonant cavities to search
for Lorentz violation. These systems offer sensitivities to
spherical coefficients that are challenging to access in
studies of vacuum birefringence and vacuum dispersion.
A general theoretical procedure for deriving the fractional
frequency shift in a cavity is presented in Sec. VII A. In the
following subsections, the results are applied to nonbire-
fringent Lorentz violation and, in particular, to the camou-
flage coefficients, for which some relevant experiment-
dependent factors are explicitly obtained. For the specific
case of a circular-cylindrical cavity, we provide in Eq.
(184) the fractional frequency shift including the explicit
time dependence.
The analysis in this work demonstrates that a compre-
hensive search for Lorentz violation is best performed with
multiple types of measurements. The most sensitive tests
use astrophysical birefringence, which provides access to
some vacuum coefficients. Astrophysical dispersion offers
high sensitivity to the remaining vacuum coefficients.
However, the bulk of effects involves vacuum-orthogonal
coefficients. Direct sensitivity to these requires nonvacuum
boundary conditions and hence laboratory studies.
Disentangling the various birefringence, dispersion, and
anisotropy effects requires a variety of laboratory experi-
ments involving different boundary conditions and differ-
ent media, and also the exploitation of signals from
different rotations and boosts. Even if attention is limited
to coefficients with comparatively low values of d, consid-
erable room remains for investigations via both astrophys-
ical observations and laboratory experiments.
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APPENDIX A: SPHERICAL HARMONICS
Angular-momentum eigenstates are irreducible repre-
sentations of rotations, so tensors in three dimensions can
be decomposed into components with definite orbital an-
gular momentum and spin. For spin-zero scalars, the
spherical harmonics Yjm provide a basis for this decom-
position. For nontrivial tensors, more general tensor spheri-
cal harmonics are needed to incorporate the spin. Among
the most widely used are the spin-weighted spherical har-
monics [57,58], denoted sYjm. In this appendix, we briefly
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review the definitions and basic features of these spin-
weighted spherical harmonics. We also obtain somemathe-
matical properties that are used in Sec. III.
1. Spin-weighted spherical harmonics
A key concept underlying the spin-weighted spherical
harmonics is the notion of spin weight. To introduce this
idea, consider the problem of characterizing radiation
propagating inward toward the Earth from a distant point
source in the sky. The electric-field vector E is oriented
perpendicular to the line of sight, so it lies in the tangent
space of a sphere surrounding the Earth. In spherical polar
coordinates, the angular components of E are E and E.
However, the alternative components E / E  iE can
be considered instead. These have the advantage of trans-
forming elegantly as E ! eiE under a rotation of the
local coordinates by an angle  about the line of sight. The
irreducible combinations E are said to be spin-weighted
functions of spin weight1. More generally, a function sf
is said to have spin weight s if it transforms according to
sf ! eissf under a local rotation about the line of sight.
The generator of rotations is the angular-momentum
operator J. Denoting the radial unit vector as n^, the gen-
erator of local rotations about the line of sight is the
operator n^ 	 J. This is the helicity operator with respect
to the line of sight. We see that the spin weight can be
understood as the eigenvalue of the helicity operator. For
instance, the irreducible combinations E in the above
example are components of definite helicity with respect
to the line of sight. In this particular example, the light
propagates in the three-momentum direction p^ ¼ n^, so
the helicity operator n^ 	 J is equivalent up to a sign to the
helicity operator with respect to the momentum, p^ 	 J.
However, this equivalence fails for nonradial propagation.
So in general there are two basic options for defining spin
weight, as the eigenvalue up to a sign of either n^ 	 J or
p^ 	 J. The choice of definition can be made based on
suitability for the problem at hand.
The helicity operator p^ 	 J or n^ 	 J commutes with both
the squared total angular momentum J2 and the component
Jz, where by convention we choose the projection axis to
be the z direction. It is therefore possible to introduce
simultaneous eigenfunctions for all three operators. We
show in the next subsection that these simultaneous eigen-
functions are the spin-weighted spherical harmonics sYjm.
However, typical discussions [57–59] of sYjm are based on
raising and lowering operators for the spin weight, which
connect different harmonics. In this subsection, we define
these operators and provide explicit expressions for sYjm.
Acting on a function sf of spin weight s, the raising and
lowering operators are given by
f ðð gsf ¼ sin
sð@  i csc@Þsinssf: (A1)
The raising operator ð acts on a function of spin weight s to
yield a function of spin weight sþ 1. Similarly, the low-
ering operator ð decreases spin weight by one. The spin-
weighted spherical harmonics sYjm of spin weight s can be
generated from the usual scalar spherical harmonics Yjm ¼
0Yjm by raising or lowering the spin weight jsj times:
sYjm ¼
8><>:
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðjsÞ!
ðjþsÞ!
q
ðs0Yjm; 0< s  j;
ð1Þs
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðjþsÞ!
ðjsÞ!
q
ðs0Yjm; j  s < 0:
(A2)
As discussed in the following subsection, the index j
corresponds to the eigenvalue of the squared total angular
momentum J2 ¼ jðjþ 1Þ and m to the eigenvalue of Jz.
The functions sYjm are nonvanishing for index values
jmj  j, as usual. Since the helicity is limited by j, they are
also nonvanishing for j  jsj. They satisfy a relation
analogous to that obeyed by the usual scalar spherical
harmonics,
s1Yj1m1 s2Yj2m2 ¼
X
s3j3m3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2j1 þ 1Þð2j2 þ 1Þ
4ð2j3 þ 1Þ
s
 hj1j2ðs1Þðs2Þjj3ðs3Þi
 hj1j2m1m2jj3m3is3Yj3m3 ; (A3)
where the symbols hj1j2m1m2jj3m3i represent the
Clebsch-Gordan coefficients. This implies orthogonality
of harmonics of equal spin weight,
Z
sY


jmðn^ÞsYj0m0 ðn^Þ sindd ¼ jj0mm0 : (A4)
Note, however, that this orthogonality does not extend to
sYjm of different spin weight. The harmonics sYjm also
satisfy the completeness relationsX
jm
sY


jmðn^ÞsYjmðn^0Þ ¼ ðn^ n^0Þ: (A5)
Here, we adopt phase conventions ensuring
sY


jm ¼ ð1ÞsþmsYjðmÞ (A6)
under complex conjugation and
sYjmðn^Þ ¼ ð1ÞjsYjmðn^Þ (A7)
under parity.
Although Eq. (A2) can be used to generate the spin-
weighted spherical harmonics, in practice it is often easier
to use the explicit expression
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sYjmð;Þ ¼

2jþ 1
4
ðjþmÞ!ðjmÞ!
ðjþ sÞ!ðj sÞ!

1=2
eimsin2j

2
X
r
ð1Þjþmþsþr j s
r
 !
 jþ s
rþ sm
 !
cot2rþsm

2
; (A8)
where ðmnÞ denotes the binomial coefficients. However, this
expression can be numerically troublesome for high values
of j. One strategy for numerical applications is to use
Eq. (A8) to generate the low-j harmonics but instead to
use recursion relations derived from Eq. (A3) to extract the
higher-j ones. We find that two recursion relations are
useful for this purpose. Taking s1 ¼ 0, j1 ¼ 1, m1 ¼ 1,
and m2 ¼ j2 in Eq. (A3), we obtain the recursion
sYjðjÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jð2jþ 1Þ
2ðj2  s2Þ
s
ei sinsYðj1Þðj1Þ; (A9)
which relates harmonics with j ¼ jmj. Also, taking s1 ¼ 0,
j1 ¼ 1, m1 ¼ 0 in Eq. (A3) leads to the recursive formula
sYjm ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j2ðð2jÞ2  1Þ
ðj2 m2Þðj2  s2Þ
s 
cosþ ms
jðj 1Þ

sYðj1Þm

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ððj 1Þ2 m2Þððj 1Þ2  s2Þ
ðj 1Þ2ð2j 1Þð2j 3Þ
s
sYðj2Þm

;
(A10)
which permits the calculation of higher-j harmonics from
lower-j ones with the same m. A practical procedure for
determining numerical values of spin-weighted spherical
harmonics then involves first using Eq. (A8) to find values
for j ¼ jsj, followed by using Eq. (A9) to obtain harmonics
with j ¼ jmj, and finally using Eq. (A10) to fill in all
remaining values up to the desired maximum j.
2. Covariant angular momentum
In this subsection, we further explore the relationships
between angular momentum, helicity, and the spin-
weighted spherical harmonics. For definiteness, we con-
sider helicity with respect to the momentum direction p^,
but the following discussion remains valid if n^ is substi-
tuted for p^ throughout. Note also that we adopt a metric
with positive signature when working with three-
dimensional tensors.
We introduce standard angles in spherical polar coordi-
nates, so that the momentum direction can be written as
p^ ¼ sin cose^x þ sin sine^y þ cose^z; (A11)
where e^x, e^y, e^z form the Cartesian basis vectors. The
orthonormal basis vectors in the spherical polar coordi-
nates are taken as
e^ r ¼ e^r ¼ p^; e^ ¼ e^; e^ ¼ e^; (A12)
where e^ and e^ are the coordinate unit vectors associated
with the spherical coordinates  and . We also define
complex helicity-basis vectors
e^ r ¼ e^r ¼ p^; e^ ¼ e^ ¼ 1ﬃﬃ2p ðe^  ie^Þ; (A13)
where an explicit choice of phase has been made. Other
phase choices would change some of the relations below.
With this definition, a rotation of the local coordinates
about p^ by an angle  generates a phase shift in the
helicity-basis vectors, e^ ! eie^.
Using the helicity basis, we can readily decompose any
tensor into components of definite helicity and spin weight.
For example, a vector V has 0-helicity component Vr ¼
V 	 e^r and 1-helicity components V ¼ V ¼ V 	 e^,
the latter corresponding to spin-weight ¼ 1. The spin
weight and helicity of any tensor component is readily
obtained by simple counting, since each  contravariant
or  covariant index adds 1 to the spin weight.
To construct operators acting to raise or lower the spin
weight, it is convenient first to introduce directional de-
rivatives in momentum space with respect to arbitrary basis
vectors e^a, according to
@a ¼ e^a 	 @; @ap ¼ e^a: (A14)
The metric is
gab ¼ e^a 	 e^b; (A15)
and we define covariant directional derivatives ra with
connection
cab ¼ ð@ae^bÞ 	 e^c; (A16)
as usual. For example, acting with ra on the components
of a vector V gives
raVb ¼ @aVb þ bacVc; raVb ¼ @aVb  cabVc:
(A17)
In the helicity basis fe^þ; e^r; e^g, we find the metric takes
the explicit form
gab ¼ gab ¼
0 0 1
0 1 0
1 0 0
0@ 1A; (A18)
while the nonzero connection elements are
r ¼ r ¼ p1;
 ¼  ¼ ð
ﬃﬃﬃ
2
p
p tanÞ1;
(A19)
where p ¼ jpj. The point is that the derivative rþ oper-
ating on an arbitrary tensor acts to create tensor compo-
nents whose spin weight is increased by one, while r
lowers the spin weight by one.
Our goal is a decomposition in angular momentum, so
we seek a covariant description of the angular-momentum
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operators. In momentum space, the orbital angular momen-
tum L has components
La ¼ i"abcpbrc (A20)
and obeys the algebra
½La; Lb ¼ i"abcLc: (A21)
Here, "abc is the totally antisymmetric tensor, which in the
helicity basis satisfies
"þr ¼ "þr ¼ i: (A22)
In particular, we have
Lr ¼ 0; L ¼ pr; (A23)
which implies that orbital angular momentum is perpen-
dicular to p^, as expected.
To complete the description of angular momentum, it is
useful to define a covariant spin operator S with compo-
nents Sa. Acting on a vector Va, we define
SaVb ¼ ScabVc; SaVb ¼ SbacVc; (A24)
where
Scab ¼ i"cab: (A25)
This provides a covariant formulation of the general spin
relation
ðV1 	 SÞV2 ¼ iV1  V2 ¼ ðV1Þae^bðSaðV2ÞbÞ: (A26)
The spin operator acting on more general tensors obeys
rules like those of the connection. For example, we obtain
SaT
b
c ¼ SbadTdc  SdacTbd: (A27)
Since the Sa are covariant operators rather than matrix
operators, they obey slightly modified commutation rela-
tions
½Sa; Sb ¼ i"abcSc: (A28)
With the above definitions, we can introduce a covariant
operator for the total angular momentum as
Ja ¼ La þ Sa: (A29)
Like the covariant derivative, this operator has the advan-
tage of maintaining the explicit tensor nature of expres-
sions when operating on tensor components. It obeys the
modified commutation relations
½Ja; Jb ¼ i"abcJc: (A30)
An interpretation of these operators is as follows. The
radial angular momentum Jr ¼ Sr is the helicity, which
is the negative of the spin weight. The operator Jþ raises
the helicity and Jþ raises the spin weight, while J lowers
the helicity and J lowers the spin weight. These operators
are equivalent to the raising and lowering operators
Eq. (A1) via the correspondence
Jþ ¼ ð=
ﬃﬃﬃ
2
p
; J ¼ ð=
ﬃﬃﬃ
2
p
: (A31)
The spin-weighted spherical harmonics sYjm are eigen-
functions of the commuting operators
 Jr ¼ s; J2 ¼ jðjþ 1Þ; Jz ¼ m: (A32)
The ladder operators J can be shown to commute with J2
and Jz. In fact, J commutes with V 	 J for any covariantly
constant vector V, raVb ¼ 0. Also, the commutator
½J;Jr ¼ i"rJ ¼ J; (A33)
implies that Jþ and J raise and lower the spin weight,
respectively, while leaving j and m unaltered. The ladder
nature of the J can thus be seen either from the differen-
tial geometry or from the operator algebra.
Since the spin-weight ladder operators J are analogous
to the conventional ladder operators that raise and lower
the eigenvalue of the z component of the angular momen-
tum, many of the usual techniques and results apply. For
example, the standard normalization scheme gives
JsYjm ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
ðjðjþ 1Þ  sðs 1ÞÞ
s
s1Yjm; (A34)
where the phase is chosen to match the conventional
definitions when expressed in terms of ð and ð. Repeated
application gives the useful expressions
0Yjm ¼ ð1Þs2jsj=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðj jsjÞ!
ðjþ jsjÞ!
s
ðJÞjsjjsjYjm; (A35)
and
jsjYjm ¼ ð1Þs2jsj=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðj jsjÞ!
ðjþ jsjÞ!
s
ðJÞjsj0Yjm; (A36)
which are equivalent to Eq. (A2).
In practical terms, the above formalism leads to the
simple results
rr ¼ @=@p; r ¼ ðJ  SÞ=p; (A37)
which are used extensively in Sec. III. Note, however, that
some care is needed when using the results (A37) since
they are nontensorial relations, valid only in the helicity
basis. For example, the indices on the right-hand side are
noncovariant once applied, so further manipulations with
covariant operators such as ra, Sa, Ja are inappropriate.
As a simple illustration of the above formalism, consider
the covariant momentum-space Laplacian acting on a sca-
lar c :
rarac ¼ ðrrrr þrþrþ þrrÞc
¼

@2
@p2
þ 1
p
ðJþ  SþÞrþ  1p ðJ  SÞr


c :
(A38)
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Using the results
Sarbc ¼ Sbacrcc ¼ i"abcrcc ;
rc ¼  1
p
ðJ  SÞc ¼  1
p
Jc ;
ðJþJþ þ JJÞc ¼ J2c ; (A39)
we can reexpress rarac as follows:
rarac ¼

@2
@p2
þ 1
p
ðJþrþ þrrÞ  1p ðJr
  rrÞ

c
¼

@2
@p2
þ 2
p
@
@p
 1
p2
ðJþJþ þ JJÞ

c
¼

@2
@p2
þ 2
p
@
@p
 1
p2
J2

c : (A40)
We thereby recover the familiar expression for rarac
involving the angular momentum.
It has been noted in the literature that the operators ð and
ð are equivalent to covariant derivatives in the two-
dimensional tangent space of the sphere [57]. In our
present language, this can be made apparent by defining
a new covariant derivative as
~r a ¼ ra  i"arbSb=p; (A41)
which in the helicity basis gives nonzero connection ele-
ments
~ ¼ ~ ¼ ð
ﬃﬃﬃ
2
p
p tanÞ1: (A42)
The derivative ~ra corresponds to the projection of the
usual three-dimensional geometry onto the embedded
two-sphere. In terms of this derivative, we can express
the ladder operators as
J ¼ ~r=p: (A43)
This relates our three-dimensional picture to the two-
dimensional one.
3. Parity
In a typical application of the above formalism, a tensor
is decomposed by considering its components in the helic-
ity basis, which are spin-weighted functions, and expand-
ing them using spin-weighted spherical harmonics. In
many cases, it is useful to decompose further the results
in terms of parity properties [57]. This subsection contains
a brief summary of the latter procedure, along with some
figures providing insight into the structure of the resulting
modes.
Let t represent an arbitrary tensor component with spin
weight s. Its expansion then takes the form
tðp^Þ ¼X
jm
tjm sYjmðp^Þ: (A44)
By exchanging all the þ and  indices on t, we obtain
another tensor component of spin weights. Denoting this
component as t, we can expand it as
tðp^Þ ¼X
jm
tjm sYjmðp^Þ: (A45)
The two components t and t are parity conjugates, inter-
changing under parity according to
tðp^Þ $ ð1Þs tðp^Þ: (A46)
In terms of spherical coefficients, the parity transformation
gives
tjm $ ð1Þsþj tjm: (A47)
It is then useful to define
tjm ¼ Ejm þ iBjm; tjm ¼ ð1ÞsðEjm  iBjmÞ:
(A48)
The result is a splitting of t and t into modes with so-called
electric-type parity or E-type parity,
Ejm ! ð1ÞjEjm; (A49)
and ones with magnetic-type parity or B-type parity,
Bjm ! ð1Þjþ1Bjm; (A50)
where the nomenclature is borrowed from radiation theory.
As a simple example, consider a scalar function
Sðp^Þ ¼X
jm
Ejm 0Yjmðp^Þ: (A51)
Under parity, S transforms according to
Sðp^Þ ! Sðp^Þ; (A52)
which in conjunction with Eq. (A7) confirms that scalar
functions contain only E-type components. Figure 9 illus-
trates the angular distribution obtained by considering each
mode E00, E10, E11, E20, E21, E22 of a real scalar field in
turn. For example, the real scalar field SðE11Þ associated
with real E11 is
SðE11Þ ¼ E11ð0Y11  0Y1ð1ÞÞ: (A53)
For each of the six images in Fig. 9, the three arrows
perpendicular to the spherical surface represent rectangular
right-handed coordinate axes with z^ vertical. The solid
disks represent positive values of the scalar, while the rings
represent negative ones. The radius of each disk or ring is
proportional to the magnitude of the scalar at that point.
The images reveal the angular and parity symmetries of
each scalar mode. Consider, for example, the E10 scalar
mode. The figure shows that this mode has extremal mag-
nitudes at the poles and equator and is symmetric under
rotations about z^, all of which are features of a distribution
with j ¼ 1 and m ¼ 0. Also, the sign of the mode changes
on interchanging any two antipodal points, matching its
negative parity. Note that the distributions are plotted for
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real amplitudes Ejm. Inclusion of a phase in an amplitude
rotates the corresponding figure about z^.
An example with both E- and B-type content is provided
by the components
V ¼
X
jm
ðEjm þ iBjmÞ1Yjm (A54)
of a vector field V in the tangent bundle of the sphere.
Figure 10 displays the angular distributions for a real
vector field for each separate mode E10, E11, E20, E21,
E22, B10, B11, B20, B21, B22. For example, the components
of the real vector field VðE11Þ associated with real E11 are
VþðE11Þ ¼ E11ð1Y11  1Y1ð1ÞÞ;
VðE11Þ ¼ E11ð1Y11  1Y1ð1ÞÞ:
(A55)
In the figure, the vector tangent to a sphere at a given point
represents the corresponding mode. The angular and parity
symmetries of each vector mode can be seen by inspection.
For instance, the E10 vector mode has extremal magnitudes
at the poles and equator and is symmetric under rotations
about z^, as expected for a mode with j ¼ 1 and m ¼ 0.
Also, inspection reveals that applying the parity operation
reverses the flow of vectors on the sphere, as is appropriate
for a mode with E-type parity and j ¼ 1. Note that the
E-type modes are curl free while the B-type modes are
divergence free, matching the usual properties in electro-
dynamics. Note also that for given values of j andm the E-
and B-mode field lines are perpendicular everywhere, re-
flecting the orthogonality of the modes.
For a symmetric traceless two-tensor, we can consider
the components
T ¼
X
jm
ðEjm  iBjmÞ2Yjm: (A56)
Figure 11 provides representations of each of the six modes
FIG. 10. Angular distributions for electric- and magnetic-type
vector components.
FIG. 9. Angular distributions for electric-type scalar compo-
nents.
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E20, E21, E22, B20, B21, B22 for a real tensor. The figure
takes advantage of the spectral theorem applied to the
decomposition of a real symmetric traceless tensor T that
lies in the tangent bundle of the sphere and has nonzero
components T. In terms of its two orthogonal eigenvec-
tors v and w lying tangent to the sphere, we can write
T ¼ v  v w  w; (A57)
where the eigenvalues of T are jvj2 and jwj2 ¼ jvj2.
The tensor T can therefore be represented at each point
on the sphere by the two vectors v and w. We denote
the vector v by a thick line and the vector w by a thin
one, noting that the vector orientations are unspecified by
Eq. (A57) and so the vectors are best represented by
unoriented line segments. The angular and parity symme-
tries of each tensor mode are visible in the figure. For
example, the extremal magnitudes of the E20 tensor
mode occur at the poles and equator, and the mode is
symmetric under rotations about z^, as expected for a
mode with j ¼ 2 and m ¼ 0. The symmetry under inter-
change of two antipodal points is a consequence of the
positive parity of this mode. The orthogonality of the E and
B modes for given values of j and m implies that each E-B
pair of modes is related by interchanging a plus with a
cross at each point. As an aside, we remark that this visual-
ization has a parallel in general relativity, where the or-
thogonality of the plus and cross modes for gravitational
radiation also arises from a symmetric real two-tensor
tangential to the direction of propagation.
We can also consider various types of pseudotensors. All
these acquire an additional sign under parity, which implies
that the roles of the E- and B-type coefficients are inter-
changed in the parity decomposition. For example, pseu-
doscalars contain only B-type components. Also, the parity
decomposition of a pseudovector V0 leads to components
with spin weight 1 of the form
V 0 ¼
X
jm
ðBjm þ iEjmÞ1Yjm (A58)
instead. Similarly for a pseudotensor T0, we have
T0 ¼
X
jm
ðBjm  iEjmÞ2Yjm: (A59)
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